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Abstract. We study asymptotic behavior in a class of non-autonomous second 
order parabolic equations with time periodic unbounded coefficients in M X R"^. Our 
results generalize and improve asymptotic behavior results for Markov semigroups 
having an invariant measure. We also study spectral properties of the realization 
of the parabolic operator u i— > A{t)u — ut in suitable spaces. 



1. Introduction 

We consider linear second-order differential operators, 

d d 
{A{t)ip){x) = ^ qij{t, x)D^jip{x) + b^(t, x)Diip{x) 

= Tr (Q(t, x)D^^{x)) + {b{t, x), V^(a;)), (1.1) 

with smooth enough coefficients defined in M^+'*, satisfying the uniform cUipticity as- 
sumption 

d 

E <i^At,^)^^^l > 'yoiei', {t,x) e C e K'^- (1.2) 

ij = l 

Under general assumptions, a Markov evolution operator P{t, s) associated to the family 
{.4(t)} has been constructed and studied in ^20j. For every continuous and bounded 
ip and for any s € M, the function {t,x) i— > P{t, s)ip{x) is the unique bounded classical 
solution u to the Cauchy problem 

f Dfu(t,x) = A(t)u(t,x), i > s, X e M'*, 

' (1.3) 



u 



{s,x) = ip{x), X e R'^. 



Since the coefficients are allowed to be unbounded, spaces with respect to the 
Lebesgue measure are not a natural setting for problem (|1.3p . This is well under- 
stood in the autonomous case A{t) = A, where P{t, s) = e'*"^)'^ and the Lebesgue 
measure is replaced by an invariant measure, i.e., a Borel probability measure /i such 
that 



Under suitable assumptions it is possible to show that there exists a unique invariant 
measure. In this case, e*'^ is extended to a contraction semigroup in i''(M'',/i) for 
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every p G [1,cxd), and e^^ip goes to the mean value J^a^fidfi in LP{M.'^,ij,) for every 
<f e LP{R'^,fi) as t oo, if p > 1. 

The natural generalization of invariant measures to the time depending case are fa- 
milies of Borel probability measures {/is : s S R}, called evolution systems of measures, 
such that 

P{t,s)ipdfit^ I ^dfis, t> s, ^eCb{R'^). 

A sufficient condition for their existence, similar to a well known sufficient condition for 
the existence of an invariant measure in the autonomous case, is the following: there 
exist a function F : R'' ^ R such that lim|2.|_»oo — +00, and positive numbers 
a, c such that A{s)V{x) < a — cV{x) for each s G R and x S R*^. 

If an evolution system of measures exists, then, as in the autonomous case, P{t, s) 
may be extended to a contraction (still called P(t,s)) from LP{M.'^,fis) to {M.'^ , fit) , 
i.e., 

s)(y5||iP(Rd ,,^) < ||(p||lp(e<j,^.^), t> s, (1.4) 

for every ip g LP{R'^, fig)- 

In this paper we treat the case of time periodic coefficients, and we study asymptotic 
behavior of P(t, s) and spectral properties of the parabolic operator 

g:^Ait)~Dt (1.5) 

in spaces associated to a distinguished evolution system of measures. In fact, the 
evolution systems of measures are infinitely many, and we consider the unique T-periodic 
one, i.e. the only one such that /is = /is+T for every s e R, where T is the period of 
the coefficients. We extend to this setting the convergence results of the autonomous 
case, showing that for 1 < p < 00 

lim \\P{t, s)^ - ms(^|Up(K.,^,) =0, seR, LP(R^ /Zs), (1.6) 

and 

\im \\P{t,s)^-ms(p\\LPiR^,^,)=0, teR, ^eCbim.''), (1.7) 

s— > — 00 ^ ' 

under suitable assumptions, that in the case of diffusion coefficients reduce to 

{b{s,x)~b{s,y),x~y) 
sup — <oo, (1.8) 

or, equivalently, sup{Efj=i A&j(s, a;)C»0 : {s,x) e Ri+^ ^ e R'*, iCl = 1} < 00. 
This can be seen as a weak dissipativity condition on the vector fields b{s, •). Under a 
stronger dissipativity condition, for bounded diffusion coefficients we prove exponential 
convergence, i.e., for every p G (1, 00) there exist M > 0, uj < such that 

||P(t,s)(p-ms</7|Up(R.,^,) < Me'"(*"^)||<^|Up(M^^,), t>s, e LP(R^ /is). (1.9) 

The stronger dissipativity assumption was used in [20j to prove pointwise gradient 
estimates for P{t, s)ip. In fact, we arrive at exponential convergence through gradient 
estimates. Then, we discuss the rate of convergence; in Theorem 13.61 we show that for 
p >2 and S R the conditions 

(a) 3Af > : \\P{t, s)^ - ms(^||LP(R.^^,) < Me-(*-^)||</j|Up(R.,^^), t > s, p E (R^/is), 

(b) 37V> : II |V,P(t, s)ip\ ||lp(r^p,) ^^^e-(*-^)||(p|Up(M.,^j, t>s + l,pe i^'(R^/is), 
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are equivalent. Therefore, denoting by ujp (resp. 7p) the infimum of the w € M such 
that (a) (resp. (b)) holds, we have ujp — 7p. 

Such characterization of the convergence rate was proved for time depending Ornstein- 
Uhlenbeck operators (i.e., when Q is independent of x and B is linear in x) in [18 for 
p — 2. Apart from Ornstein-Uhlenbeck operators, it seems to be new even in the au- 
tonomous case. For Ornstein-Uhlenbeck operators we have a precise expression of 72 in 
terms of the data, and our Theorem 13.151 shows that 7p = 72 < for every p e (1, 00). 
In general, 7^ could depend explicitly on p and we only give upper estimates for it. 

In the autonomous case, exponential convergence to equilibrium in L'^{M.'^, /i) is usu- 
ally obtained through Poincare inequalities such as 

2 

/ ip- [ ipdfi d^i<Cal \Q^''^Vip\'^d^i, cp e D{A), (1.10) 

where D{A) is the domain of the generator of e*^ in L^(M'',/i). If ()1.10p holds we 
get UJ2 < —Tjo/Co and in the (symmetric) case Acp = Acp + (V$, V(/p) we have 102 = 
1/Co = Tyo/C'oj and 102 is a minimum. Therefore, the problem is reduced to find the 
best Poincare constant Cq, which is a hard task in general. The upper bounds on Cq 
that come from gradient estimates yield rjo/Co > 72, and the equality holds only in 
very special cases. Therefore, Theorem 13.61 gives a better rate of convergence (see the 
discussion after Corollarv l3.8p . 

We follow a purely deterministic approach, although the well known connections 
between linear second order parabolic equations and nonlinear ordinary stochastic dif- 
ferential equations might be used (such as e.g. in [211 [HI [3]) to get some of our formulae 
and/or estimates. The key tool of our analysis is the evolution semigroup, 

T{t)u{s,x) = P{s,s- t)u{s - t,-){x), t>0, seR, xeW^, 

that is a Markov semigroup in the space Cb{T x R'^) of the continuous and bounded 
functions u such that u(s, •) = u{s + T, •) for all s g K. Its unique invariant measure is 

/i((is, dx) = — iis{dx)ds. 

All Markov semigroups having invariant measures have natural extensions to contraction 
semigroups in spaces with respect to such measures. Dealing with periodic functions, 
we consider the space LP{T X R'^,/^) that consists of all /i-mcasurable functions u such 
that u{s, •) = u{s + T, •) for a.e. s G M, and such that J^^ \u(s,x)\PiJ,sidx) ds is finite. 
We denote by Gp the infinitesimal generator of T{t) in LP{T xW^, fi). Gp is a realization 
of the parabolic operator Q, defined in (jl.Sp . in the space LP{T x ]R'',/i). 
We introduce a projection 11 on space independent functions, 

nM(s,x) := / u{s,y)^is{dy), s G M, a; e M'', 



and we prove that T{t){I — 11) is strongly stable in all spaces L^iT x R'', /i), 1 < p < 00, 
that is 

^hm ||T(t)(7.-nu)|liP(TxR^^) =0, ueiP(TxR^M)- (l-H) 

From this fact we deduce (|1.6p and (|1.7p : if T{t){I — 11) is exponentially stable we 
deduce (ll.Pp . We arrive at p. lip through a similar property of the space gradient of 
T{t)u, i.e., 

lim II I V,r(Ou| ||Lp(TxE^M) =0' " e LP{T X /i). 
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which is proved using semigroups arguments that seem not to have counterparts for 
evolution operators. In particular, we use the identity 

f I uG2udn^~ [ [ {Q\/^u,\/^u)dn, ueD{G2), 

Jq JRrf Jo Jr'' 

which is a time dependent version of what is called identite de carre du champ by the 
french mathematicians. 

'T{t) is a nice example of a Markov semigroup that is not strong Feller and not 
irreducible, and that has a unique invariant measure /z. On the other hand, (jl.lip 
shows that in general T{t)u does not converge to the mean value of u with respect to 
^ as i ^ oo. 

Together with asymptotic behavior results, it is natural to get spectral properties of 
the operators Gp, 1 < p < oo. When (|1.9|) holds, we prove that Gp has a spectral gap, 
and precisely 

sup {Re A : A e ^(Gp) \ iR} = iVp < 0. 

We remark that the equation Xu — Qu = /, with / e L^iT x W^^n), cannot be seen 
as an evolution equation in a fixed space X, 

u' {t) - A{t)u{t) + \u{t) = /(i,-) 

because our spaces X{t) = L^iR"^, fit) vary with time. For the same reason, T{t) is not 
a usual evolution semigroup in a fixed Banach space X. However, it exhibits some of 
the typical features of evolution semigroups in fixed Banach spaces, in particular the 
Spectral Mapping Theorem holds. 

If the diffusion coefficients do not depend on the space variables, and the supremum 
in (|1.8|) is equal to some negative number tq, we get a log-Sobolev type inequality, 

/ / \u\^\og{u^)df,<^ [ nu^log{nu^)ds + ^^ f f iV.upd/x, (1.12) 
Jo Jw ^ Jo Fol Jo Jw 

for every u € 13 (G2). Here, A is the supremum of the maximum eigenvalues of the 
matrices Q{s) when s varies in [0,T]. Also this inequality is proved using the evolution 
semigroup through semigroups arguments that have no counterparts for evolution 
operators. Using (|1.12p we show that the domains D{Gp) are compactly embedded 
in LP(T X K"*, /i) for 1 < p < 00, and from this fact a lot of nice consequences fol- 
low. In particular, the spectrum of each operator Gp consists of eigenvalues and it is 
independent of p, and the exponential decay rates tOp < rg are independent of p. 

The interest in log-Sobolev estimates goes beyond asymptotic behavior, and much 
literature has been devoted to them in the autonomous case. See e.g., the surveys 
[ll[T9]. Therefore, it is worth to establish them in spaces with time-space variables. 
In Proposition 13.121 and in Theorem 13.141 we prove versions of (|1.12p . 

The paper ends with illustrations of the asymptotic behavior and spectral results for 
explicit examples of families of operators A{t) that satisfy our assumptions. 

Except for nonautonomous Ornstein-Uhlenbeck operators, this one seems to be the 
first systematic study of asymptotic behavior in linear nonautonomous parabolic prob- 
lems with unbounded coefficients in M"^. A part of our results lends itself to generaliza- 
tions to some infinite dimensional settings, where is replaced by a separable Hilbert 
space H, in the spirit of e.g., [9l ITOl [8]. 



ASYMPTOTIC BEHAVIOR IN TIME PERIODIC PARABOLIC PROBLEMS 



5 



Notations. We denote by Bb{M.'^) the Banach space of all bounded and Borel mea- 
surable functions / : R*^ ^ M, and by Cb(R'^) its subspace of all continuous functions. 
Bb{R'^) and CbiR'') are endowed with the sup norm || • ||oo. For fc e N, Cl;{R'') is the 
set of all functions / £ Cfc(R'') whose derivatives up to the fcth-order are bounded and 
continuous in R"^. We use the subscript "c" instead of "6" for spaces of functions with 
compact support. 

Throughout the paper we consider real valued functions {s,x) i— > f{s,x) defined in 
R^+'', that are T-periodic with respect to time. It is useful to identify such functions 
with functions defined in T x R"*, where T = [0, T] mod T. So, we denote by Cb{T x R'^) 
the space of the continuous, bounded, and T-time periodic functions / : R^^'' R, 
endowed with the sup norm. Similarly, for any a G (0, 1), we denote by C["^^'"(T x R'*) 
the set of aU functions / e Cb{T x R'^) which belong to C"/2,"([o,r] x B{0,R)) for 
any i? > 0, and by Wpf^^{T x M.'^,ds x dx) the set of all time periodic functions / 
such that /, Dgf, and the first and second order space derivatives of / belong to 
LP{{0, T) X B{0, R),ds x dx) for any R>0. 

2. Preliminaries 

2.1. General properties of P{t,s) and of evolution systems of measures. 

Hypothesis 2.1. (i) The coefficients qij and hi = 1, . . . ,c?) are T-time periodic 
and belong to C"J^''°'{T x R"^) for any i, j — 1, . . . , d and some a € (0, 1). 

(ii) For every (s, x) £ R"'^+'^, the matrix Q{s, x) is symmetric and there exists a func- 
tion rj : T X — )■ R such that < rjo := inf-jxR'' V '^'^'^ 

{Q{s, x)^, > vis, xm^, e e K'', (s, x) e T X Rf 

(iii) There exist a positive function V € C^(R'^) and numbers a, c > such that 

lim V(x)^oo and {A{s)V)(x) < a ~ cV{x), {s,x) E T x M.''. 

\x\ — >oo 

Here we recall some results from [20] and [21]. The first one is that, under Hypothesis 
I2.ir il(ii). for every / e Cb(R'') problem (jl.3p has a unique bounded classical solution 
u. The evolution operator P{t, s) is defined by 

P{t,s)f = u{t,-), t>seR. 

Some properties of P{t, s), taken from [20j . are summarized in the next theorem and in 
its corollaries. 

Theorem 2.2. Let HvvothesisWl\hold. Define A := {{t,s,x) e M^+d ; ^ > ^ W^}. 
Then: 

(i) for every tf £ Cf,(R'^), the function {t, s, x) i-^ P{t, s)(p{x) is continuous in A. For 
every s S R, the function {t, x) ^ P{t, s)ip{x) belongs to C^^"^'^'^'^" {{s, oo) x K'^); 

(ii) for every ip £ C^{R'^), the function {t,s,x) i— > P{t, s)(p{x) is continuously dif- 
ferentiate with respect to s in K and DsP{t, s)ip{x) ~ ^P{t, s)A{s)Lp{x) for any 
(t,s,x) e A; 

(iii) for each {t,s,x) £ A there exists a Borel probability measure pt^s,x in R'' such that 

P{t,s)ip{x)^ f ip{y)pt,sAdy). /eC,(R'^). (2.1) 

Moreover, pt,s,x{dy) ~ g{t, s, x, y)dy for a positive function g . In particular, P{t, s) 
is irreducible; 
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(iv) P{t, s) is strong Feller; extending it to L°°(R'^, dx) through formula ()2.ip . it maps 
L°^'(R'^,dx) (and, in particular, BbiR'^)) into Cb(R'') fort > s, and 

\\P{t, < ||<^||oo, ^ e L°°(M^ dx), t > s; 

(v) there exists a tight^ evolution system of measures {/i^ ; s G R} for P{t,s). 
Moreover, 



and 



Pit, s)V{x) := I V{y)pusAdy) < V{x) + -^, i > s, x G (2.2) 

V{y)^it{dy) <minV + t G R, (2.3) 
c 

where the constants a and c are given by Hypothesis \ 2. lY iii) . 

Note that estimate (|2.2p implies that the family {pt,s,x ■ t > s, x G 5(0, r)} is tight 
for every r > 0. 

Since the coefficients and are T-time periodic, uniqueness of the bounded 
solution to (|f .3p implies that P{t + T, s + T) — P{t, s) for t > s. Moreover, looking at 
the construction of the measures fit of [50] one can see that /is = t-ig+T for each s G R 
([H Rem. 6.8(i)]). 

The evolution systems of invariant measures are infinitely many, in general. In 
the case of nonautonomous Ornstein-Uhlenbeck equations, they have been explicitly 
characterized in Prop. 2.2]. In the next section we shall prove that all the T- 
periodic families {ns : s G R} constructed in [20] actually coincide, since P{t, s) has a 
unique T-periodic evolution system of measures. 

In the next corollary we prove some consequences of Theorem 1 2. 2 1 For this purpose, 
for every (p G L^{M.'^, fig) we define the mean value 

m^ip / (p{y)fisidy). 

Corollary 2.3. Let Hvvothesis \2.1\ hold. Then: 

(a) for every G Ch(R'^) the function s i— > mgip is continuous in R. More generally, 
for every u G C}j{M}'^'^) the function s i-^- mgu{s, ■) is continuous in R,' 

(b) for every G Cfc(R'') and for every hounded sequence ((y9„) C Cb(R'*) that 
converges locally uniformly to ip we have 

lim supl|(y9- (^„l|iP/Rd ) = 0, l<p<oo, (2.4) 
and, for every r > 0, 

lim sup \\P{t,s){p ~ Pn)\\L^(B{0.r)) ^0- (2-5) 

(c) For t > s, P(t,s) may be extended to a bounded operator from _LP(R'',/1s) to 
LP(R'*,/it) for allpe [l,oo), and holds. 

Proof. The first part of statement (a) is an easy consequence of the continuity of P{t, s)p 
with respect to s. Indeed, fix sq G R and t > Sq + 1. For s G {sq — 1, sq + 1) we have 

msp-msoP= I {P{t,s)p{y) - P{t,so)p{y))fj.t{dy). 



^i.c, Ve > 3_R = R{e) > such that ^ls{B(0, R)) > 1 - e, for all s 6 : 
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By Theorem I2.2f i'). for every y G M"* we have hms_+so Pit,s)(f{y) — Pit, so)(p{y) — 0; 
moreover \P{t, s)ip{y) - P{t, so)(p(j/)| < 2||/||oo. Therefore, Hms^so ™s</' - "^s„(p = 0. 
Let us prove the second part of statement (a). Fix sq G M. Then, 

17715^(5, •) - msoU{sQ, ■)\ < \ms{u{s, •) - u{sa, ■))\ + \msu{so, •) - ms„u{so, ■){, s S R. 

By the first part of the statement, hm^^so \'m'su{sQ, •) — nisgU^so, •)\ = 0. To estimate 
\ms{u{s,-) — w(so,-))| we use Theorem I2.2f v). Given e > 0, let i? > be such that 
H,{R'^ \ B{0, R)) < e for every s e R. Then, 

\ms{u{s,-) - u{so,-))\ 



< \u{s,y) -u{so,y)\fis{dy) + \u{s,y) - u{sQ,y)\^is{dy) 
Jb{o,b.) Jr''\b{o,r) 

< \\u{s, •) - u{so, ■)\\l=-{b{om)) + 2e|lw||oo- 

Since u is continuous, |ju(s, •) — u(so, ■)\\l°^(b{o,R)) ^ £ for |s — so| small enough. State- 
ment (a) follows. 

The proof of statement (b) is similar. Let M > be such that ||v3n||oo < M for each 
n E N. For every e > let i? > be as above. Then, 



\ip - ipn\^dfj.s = / \(p - ipnl^dfls + / \ip - ip„\PdfJ.s 

Jb(0,R) JR''\B(0,fl) 

< \\f ~ 'Pn\\L-°{B(OM)) + {WfWoo + Mfe. 

and (|2.4p holds. The proof of (|2.5|) is the same, through the representation formula 
P{t, s)ip{x) = /jjd ip{y)pt^s,x{dy) and the tightness of {pt,s,x ■ s <t, x € B{0, r)}. 

The proof of statement (c) is the same of the autonomous case. Indeed, for every 
(f E Cb{M.'^) we have, by Theorem 12. 2f iii) and the Holder inequality, 

\p{t,sMx)\p^ [ ip{y)pt,sAdy)' < f \ipiyWpt,sAdy)^P{t,sMP{x), 

SO that, integrating with respect to fit, we get 

\P{t,s)^\Pdfit< I Pit^sM^dfJit^ I WY'dfls, t>S, 



i.e., (fi satisfies (fO)) . Since Ch(M'') is dense in LP{R'^,fis), (fLi)) holds for every E 

2.2. Smoothing properties of P{t, s). We recall some global smoothing properties of 
the evolution operator P{t, s) that have been proved in [20l [21] and will be extensively 
used in this paper. 

Hypothesis 2.4. (i) The first-order space derivatives of the data qij and hi {i,j = 
l,...,d) exist and belong to '"(T x R''); 
(ii) there are two upperly bounded functions C ; T ^ and r ; T X R^ -> R such that 

{V^b{s,x)tO <ris,x)\^\'', {s,x)ETxR<i, ^eR'', 
\Dkq.,jis,x)\<Cis)rjis,x), (s,a:)GTxM^ i, j, fc = 1, . . . , d, 

where rj{s,x) is the ellipticity constant at {s,x) in Hypothesis \2. iH i). 
The following theorem has been proved in [20] . 
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Theorem 2.5. Let Hypotheses \2.1\ and \2.4\ hold. Then, there exist positive constants 
C*!, C2 > 0, such that 

(i) for every ip G C^(R'^) we have 

\\V^P{t,s)ip\\oo < Ci\\ip\\ci(Rd), s < t < s + 1; 

(ii) for every ip G Cb(R'^) we have 

||V,F(t,s)(^|U < -p=|l^|U, s<t<s + l. (2.6) 
Vt- s 

As a consequence, we obtain 

\\V,P{t, S)ip\\^ <C2Moo, t>s+l, (2.7) 

for every ip e Cb(M''). It is sufficient to recall that P{t,s)ip = P{t,t - l)P{t - l,s)<p 
and that \\P{t - 1, s)ip\\oo < ||<p||oo- 



Theorem 2.6. Let Hvvothescs \2.1\ and \2.4\ hold and assume in addition that, for some 
p>l, 

d^{C{s))Ms,xy 



ep:= sup [r{s,x)+ ^ '\ ' ' < 00. (2.8) 
Then: 

(i) for every ip G C^(R'') we /lawe 

|V,P(t,s)(^(x)|^' < eP^^(*-^)p(i,s)|V^|P(a;), i > s, x e M"^; (2.9) 

(ii) there exists a positive constant C3 — C^lp) such that 

\V,Pit, s)ipix)\P < CI max{(t - 3)'^'^ l}eP'-^'-'^ P{t, s)\^\p{x), (2.10) 

for every Lp £ Cb(R''), t > s and x £ R'^; 

(iii) if the diffusion coefficients qij {i,j — l,...,d) are independent of x, then (12. 9p 
holds for p — 1 too, with £1 — :~ supj-^ .j.-jg^xR'' ''(■5; 2^)- Moreover, there exists 
C4 > 0, independent of t and s, such that 

|||V,P(t,s)^||U <C4e''«(*-^'||(p||oo, t>s + l. (2.11) 

Proof. Estimates (|2.9p and (|2.1ip have been proved in 20J. To be precise, in [301 Cor. 
4.6] estimate (|2.11l) is stated as || \VxPit, s)ip\ ||oo < Ce^p'*"'') |j(p||oo, with C independent 
of p. If the diffusion coefficients are independent of x, we can take C = 0. Hence, £p = ro 
and ([3T1|) follows. 

In (the proof of) [21] Prop. 3.3], an estimate similar to (|2.10p has been proved with 
a worse exponential term. To get (I2.10p it is sufficient to observe that for t — s < 1, [3TJ 
Prop. 3.3] gives 

\\/,P{t,sMx)\P < P{t,s)\^\P{x), xeM^ (2.12) 

{t~s)2 

for some positive constant K = K{p), independent of s, t and ip. If t — s > 1, we write 
P{t, s)ip = P{t, s + l)P(s + 1, s)ip. From JlH) and ((2T2)) we obtain 

|V:,P(i, s)ip{x)\P < eP^'-^'-'-^^Pit, S + 1)|V:,P(.S + 1, s)ip\P{x) 

< KPeP^-^^'-'-^^P{t, s + l)P(s + 1, s)\ip\P{x) 
^KPeP^^^'-'-^^P{t,s)\v\P{x), 
for any x e R"*. Estimate ([2T0| follows. □ 
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Remark 2.7. Two remarks are in order. 

(a) Estimate ((TTOl) implies that P{t,s) maps LP{R'^,fis) into W^'P{R'^, ^it) for p > 1, 
and 

II |V,P(t,s)^| Lp(r.,^,) < C3max{(t-s)-i/2, l}e^-(*-^)||^||i,(R.,^^). (2.13) 

This is not true in general for p — 1, even in the autonomous case. See e.g., |22| for 
a counterexample given by the Ornstein-Uhlenbeck semigroup. 

(b) Estimates (|2.13[) are sharp near t = s, but they are not for i ^ s if £p > 0. In this 
case for t > s + 1 we write P{t, s) = P{t, t — l)P{t — 1, s), and using ()1.4|) we obtain 

\\\VccPit,s)ip\\\LP(M^^.,) < Cae^'^MlLm-.^^), t>s + l, ^ e (R'' , . (2.14) 

2.3. The evolution semigroup. The evolution semigroup T{t) is defined on contin- 
uous and bounded functions / by 

T{t)f{s, x) = P(s, s - t)f{s ~ t, -Xx), (s, x) e R'^", t > 0. 

In [20l Prop. 6.1] we have shown that T{t) is a semigroup of positive contractions in 
Cb(Ri+'^). Since P{s + T,s + T -t) = P(s, s - t), T{t) leaves Cf,(T x R^) invariant for 
every t > Q. 

T{t) is not strongly continuous in Cb{T x R''). However, the last part of the proof 
of [201 Prop. 6.1] implies that, for any / e Cb(T x M'') and any to > 0, T{t)f tends to 
T(to)f, locally uniformly in T x R'' as t to- 

In the language of [5], T{t) is a stochastically continuous Markov semigroup. It 
improves spatial regularity, as the next lemma shows. 

Lemma 2.8. For every t > and f e CbiT x R''), the derivatives D,T{t)f, D,jT{t)f 
exists and are continuous in T x R'^ for i,j = 1, . . . ,d. 

Proof. Since T{t)f{s, x) = P{s, s — t)f{s — t, ■){x), it is sufficient to show that the first 
and second order space derivatives of the function (t, r, x) i— s- P(t, r)f{r, •) are continuous 
with respect to (i, r, a;) e A. For any (io, t'Oi a;o) G A, fix (5 > such that t^ — 5 > rg + (5. 
The classical interior Schauder estimates (e.g., [151 Thm. 3.5]) imply that for any i? > 
there exists a positive constant C such that 

sup \\P{t,r)Lp\\c^+<^(B(x,,.R))<C\\Lp\\oo, (2.15) 

\t-to\<S,\r-r(t\<S 

for every E Cf,(R'^). Applying the interpolatory estimates 

l + n 1 

\\D^^\\c{B{xo,R)) ^ ^lll^llc"(B(.o,ii))ll^llc"^+°(B(.o,fl.))' * = 1, ■ • ■ : C?, (2.16) 

(which hold for every ip e C'^'^"{B{xo, R)) and some positive constant Ki — Ki(a, R), 
see e.g., [25l Sect. 4.5.2, Rem. 2]) to the function V = P{t,r)f{r,-) - P{to,ro)f{ro,-) 
with t G [to — S,to + 5], r G [rg — 5,rQ + S], we deduce 

II AP(t, r)/(r, •) - AP(io, ro)/(ro, •)llc(B(xo,fl,)) 

<i<ri||P(t,r)/(r,.)-P(to,ro)/(ro,-)ll||(.o,«)) 

X i\\Pit, r)f{r, ■)\\c^+.(^B{x„^R)) + ||P(io, ro)/(ro, •)llc2+°(B(xo.fl)))^ 

<ifi||P(t,r)/(r,.)-P(to,ro)/(ro,-)ll||(.o,fl))(2^ll/ll-)'^' 
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where the last inequaUty fohows from (|2.15l) . Since {t,r,x) t-^ P{t,r)f{r,-){x) is a 
continuous function in A, the right-hand side vanishes as {t,r) — > {to,ro), and this 
iniphes that DiP{t, r)f{r, ■){x) is continuous in (t, r, x) € A. 
Using the interpolatory estimates ([25, Sect. 4.5.2, Rem. 2]) 

Q 2 

\\D^Mc[B{.o.R)) < K2\\Wc\l(^^,,R))U\\c-%<^(^B{x,,R)y h]^h---,d, 

instead of p.l6|) . the same procedure yields that DijP{t,r)f{r, ■){x) is continuous in A 
for any i,j = l,...,d. □ 

The generator Goo of T{t) in Cb{T x R"^) may be defined through its resolvent. 
Namely, for every A > 0, D{Goo) is the range of the operator 

/"OO 

u I— > u(s, x) := / e^'^*T{t)u{s, x)dt, 
Jo 

and GooV — \v ~ u. The following result is taken from [211 Prop. 6.3]. 
Theorem 2.9. Under Hypothesis \2. 1\ we have 

D{Goo) - j/ e n Kfoci^ ^ ^ dx) n a(T X R"^), gf e a(T x m^)\, 

where Qf(s,x) = A{s) f {s , ■) (x) — Dsf{s,x). Moreover, D{Goo) coincides with the set 
of the functions u G Cb(T x W^) such that supg<t<]^ t~^\\T{t)u — u||oo < oo and there 
exists 5 e Ct(T X W^) such that t-^{T{t) u — u) g, locally uniformly in T 
t -> 0. 

For every T-periodic evolution system of measures {vs ■ s € M} for P(i, s), the 
measure i'{ds,dx) := ^ Vs{dx)ds is invariant for T{t). Indeed, the first part of the 
proof of CoroUarv 12.31 shows that, for each £ Cf,(R''), the function s ^ fdvg is 
continuous in M. Hence, for every Borel set F C M'^ the function s ^ VgiT) is Lebesgue 
measurable, and v is well defined. Moreover, for every / G Cb(T x M"*) we have 

/ T{t)fdv^^( ds [ P{s,s~t)f{s~t,-)d,,s 

J(0,T)xR<* ^ Jo JR'' 



'(0,T) 

_ 1 

~ T 
1 

^ T 



ds f{s - t, ■)dv, 

Jo JB<i 

/ da j f{a,-)dv^ 



fdv, 

(0,T)xR<i 

where the last equality follows from the periodicity of the function a J-^^ f{a, ■)dva. 

Proposition 2.10. Under Huvothesis \2.1l P{t,s) has a unique T-periodic evolution 
system of measures, and T{t) has a unique invariant measure. 

Proof. Fet {vs : s G M} be any T-periodic evolution system of measures for P{t,s). 
The arguments in |5] Thm. 4.3] show that v = Vs{dx)ds is ergodic for T(t), in the 
sense that, if F is a Borel set in T x R'' such that T(i)Ilr = Ir for every t, then either 
viV) = or v{T) = 1. This implies that the invariant measures and u corresponding 
to two different evolution systems of measures {/is : s G M} and {vg ■ s G R}, are either 
singular or coincide, see e.g., [H Prop. 3.2.5]. But we know from [20l Prop. 5.2] that 



ASYMPTOTIC BEHAVIOR IN TIME PERIODIC PARABOLIC PROBLEMS 



11 



/it and vt are equivalent to the Lebesgue measure in R'' for every t G M, hence and 
V are equivalent to the Lebesgue measure in T X R'^ so that they cannot be singular. 
Therefore, v = ^, which implies Us = Us for a.e. s G R. Since s i— > ip{x)vs{dx) and 
s ^ /jjd (p{x)iJ,s{dx) are continuous for each (p G C{,(M'^) by Corollarv l2.31 then i/g ~ /is 
for every t G R. 

Let us prove that each invariant measure for T{t) comes from an evolution system 
of measures. Arguing as in the case of time depending Ornstein-Uhlenbeck operators 
([71 Prop. 4.2]) we see that v is of the type v{ds,dx) — j:Vg{dx)dt, where {vg : s G R} 
is a family of T-periodic probability measures. Let f{s,x) — g{s)(p{x), with g G C(T) 
and (p G Cb{M.'^)- For i > the equality Jjy.T^d T{t)f dv — ^j^^^d f dv means 

g{s) I Lp{x)vs{dx)ds = f g[s — t) / P{s, s — t)ip{x)i's{dx)ds 



Jw^ 

T-t . 

g{s) / P{s + t,s)ip{x)i's+t{dx)ds 
-t Jw 

g{s) / P{s + t,s)(p{x)i^s+t{dx)ds. 
Jw^ 

Since g is arbitrary, then J^^ Pis + t, s)ip{x)h's+tidx) = J^^a 'fi{x)vs{dx) for every t > 0, 
which means that {vg : s G R} is an evolution system of measures. □ 

From now on we shall consider the invariant measure /i for T(i) defined by 

fj.{ds,dx) := — iis{dx)ds, 

where {/i^ : t G R} is the unique T-periodic evolution system of measures for s). 

As a consequence of ([2] p. 2067]), there exists a continuous positive function p : 
T X R'^ R such that iJ,{ds,dx) — p{s,x)ds dx. The computation at the end of the 
proof of Proposition 12.101 shows that the family of measures i>s{dx) := p{s,x)dx are a 
T-periodic evolution system of measures. By uniqueness, Vs = fJ-s/T for every s, i.e. 
the density of /is is Tp{s, ■) for every s G R. 

For any p G [1, oo), we introduce the space L'p{T x R'', p) of all functions / such that 
f{s + T,x)^ /(s, x) for a.e. (s, x) G R^+'^ and 

II/IIlp(TxR<*.m) - / '•^l'''^/' < 

J(0,T)xR'' 

We also use the symbol /txr^ \ f\^dp for /j.^ j^-jxR^i Ifl^dp,. If no confusion may arise, we 

write II /lip for ||/||Li'(TxR<i,M)- 

As all Markov semigroups having an invariant measure, T{t) can be extended to a 
semigroup of positive contractions in LP(TxR'^,/i) for anyp G [l,oo). We still call T{t) 
these extensions, using the notation Tp{t) only when we deal with different LP spaces. 

It is easy to see that T{t) is strongly continuous in LP(T x R"*, /z) for 1 < p < oo. 
Indeed, we already know that T(t)f tends to / locally uniformly ds, t ^ 0+, for any 
/ G Cf,(TxR''). Moreover, ||r(t)/||oo < ||/||oo for any t > 0. By dominated convergence, 
T{t)f tends to / in LP(TxR'',/i) as t ^ 0+. Since Cb(TxR'') is dense in TP(TxR^,/i), 
T{t)f tends to / in TP(T x R'', p) as t 0+, for every / G iP(T x R'*, p). 

We denote by Gp the infinitesimal generator of Tit) in L^iT xW'',p). In general, 
the characterization of the domain D{Gp) of Gp is not obvious, and even determining 
whether a given smooth function / belongs to D{Gp) is not obvious. In the case of time 
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depending Ornstcin-Uhlenbeck operators, D{G2) has been characterized in [17^ as the 
space of aU / e L'^{T x W^,y) such that there exist Dsf, DJ, D,jf e ^^(T x M'',^) 
for i, j = 1, . . . , d. A similar characterization for 2 ^ p £ (1, oo) follows adapting to the 
periodic case the procedure of [16]. We do not expect the same result in the general 
case, since for functions / with all derivatives in LP{T x M'',/i), A{s)f{s,-) does not 
necessarily belong to {R'^ , ^t) , even for bounded diffusion coefficients. Fortunately, 
the explicit knowledge of D{Gp) is not necessary in several circumstances, provided we 
know a good core of Gp. In the paper [3T] sufficient conditions have been given for 
C^{T X R'^) be a core of Gp, for 1 < p < oo. In general, G^{T x R'^) is contained in 
D{Gp) but it is not a core. However, we have the following result (pH Thm. 6.7]). 

Proposition 2.11. Under Hvvothesis \2.1\ T{t) maps D{Goo) into itself, and D{Goo) 
is a core of Gp for every p G [1, oo) and every t > 0. 

Adapting to our situation a similar result for evolution semigroups in fixed Banach 
spaces (e.g., [4J Thm. 3.12]), we determine another core of Gp. 

To this purpose, for any r S K, x G C^{R'^) and a € C^(M.) with supp a C (a, a + T) 
for some a > r, we define the function Ur.x,a ■ K^^'' — > K, as the T-periodic (with respect 
to s) extension of the function (s, x) t-^ a{s)P{s, t)x{x) defined in [a, a + T) x R'^. 

Proposition 2.12. For eachr, x and a as above, the function Ut^x,^ belongs to D{Gp) 
and the linear span C of the functions Ur.x,a is a core for Gp, for each p S [1, oo). 

Proof. Any function w e C is in C^'^^j^i+d^ ^^Yve proof of) [20l Thm. 2.2] and, since 
it is periodic in time and bounded, it belongs to L'p{T x W^, /i) for every p G [1, oo). 

Fix T, a, X ss in the statement and define u UT-,x,a- For each s G [a, a + T), x E 
we have 

guis, x) - ^{a'{s)P{s, t)x(x) + a{.s)A{s)P{s, t)x{x)} + a{.s)A{s)P{s, T)xix), 
so that 

gu{s, x) = -a'{s)P{s, T)xix), s e[a,a + T), X eR"^, 

and, for every fc e Z, 

gu{s, x) = -a'{s - kT)P{s - kT, t)x{x), s e [a + kT,a + {k + 1)T), x G R''. 

Let us prove that, for every t > 0, T{t)u G C. For every s G R, let fc G Z be such that 
s - i G [a + fcT, a + (fc + l)r). Then s - t - kT > t, and for every x G M'' we have 

{T{t)u){s, x) = Q!(s - t - kT)P{s, s - t)P{s ~t-kT, t)x{x) 

= a{s-t- kT)P{s -kT,s-t- kT)P{s - t - kT, t)x{x) 
= a{s-t- kT)P{s - kT, t)x{x), 

so that T(t)u is the T-periodic extension of the function (s, x) i— > a{s — t)P{s, r)x(x) 
defined in [a+t, a+t+T) xR'', which belongs to C. Moreover, 1 1-^ T{t)u is differentiable 
at t = with values in LP(T x R'', ^) and we have 

(^'^^^''")| = ~"'(*)-P(*''^)x(a;) = Su(s,a;), sG[a,a + r), 

which shows that u G D{Gp) and GpU = gu. 

Let us prove that C is dense in the domain of Gp. Since T{t) maps C into itself for 
any i > 0, it is enough to prove that C is dense in L^iT x R'', y). 
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We recall that the linear span of the functions {s,x) P{s)x{x), with G C^{T), 
X G C^(R'^), is dense in L^iT x R'^,/i). Therefore, it is enough to approximate any 
product g = of this type by elements of C. 

Fix P & C\T), X ^ C^iM.'^) and e > 0. Let r e R. Lemma 3.2 of [20] imphes that 
P{s, t)x tends to X: uniformly in R'', as s — > t+. Therefore, there exists r' G (t, r + T) 
such that ||-P(s, t)x — xlloo < £, for each s e [r, r'], which implies 

\\P{s,t)x- xWLPiR",,,,) < £, T < s < r'. 

Let us cover T by a finite number of such intervals [mod T) (r^, t^), fc = 1, . . . , if, and 
let {oLk) be an associated partition of unity. Setting 

Uk{s,x) = P{s)ak{s)P{s,Tk)x{x), Se [Tk,Tk+T) 

and still denoting by Uk its T-periodic extension, the function u defined by 

K 

u(s,a:) := ^u/c(s,x), s G R, x € R'', 

k=l 

belongs to C, and we have 

K 

\\g{s, •) - u{s, ■)\\LP{M'i,p.,) < ll/3||oo ^ ak{s)\\P{s, Tk)x - xllLp(R^A',) < e||/3||oo, 

for any s e [0, T]. Integrating with respect to s in (0, T) we obtain 

||5-w||p<e||/3||oo, 

and the statement follows. □ 

Corollary 2.13. For I < p < oo, D{Gp) C Wlf^^{T x W^^ds x dx) a^d /or every 
r > t/ie restriction mapping TZ : D(Gp) W^^'^iT x B(0,r),ds x dx), defined by 
TZu = W|TxB(o,r); continuous. 

Proof. Every u G C belongs to C^'^(T x R'^), and Gpu{s,x) = A{s)u{s,x) - Dsu{s,x), 
so that by classical regularity results for parabolic equations in spaces with respect 
to the Lebesgue measure there exists Ci — Ci (r) such that 

W^Ww^'^ (Ix B{0,r)Msx dx) - C'l(II^IUp(TxS(0,2r),dsxd2;) + || GpU|| Lp(Tx S(0,2r),dsx da;))- 

On the other hand, since fi{ds,dx) — p{s,x)dsdx for a positive continuous function p, 
there exists C2 = C2(r) such that || • \\Lp{TxB{o,2r),dsxdx) < C2II • IIlp(txr^a')- Then, 7^ 
is continuous from C (endowed with the D{Gp)-noim) to VFp'^(T x B{0,r),ds x dx), 
and since C is dense in D{Gp) the statement follows. □ 

The estimates on the space derivatives of P{t,s)f yield a useful embedding result 
for D{Gp). We denote by W°'^{T x R'',fi) the set of the functions / € Lp(T x M'',^) 
having space derivatives Dif in Lp(T x R'^,/j,), for every i = 1, . . . ,d. It is a Banach 
space with the norm 

d 

ll/llw^'^(TxR<i,p) = ll/IUp(TxR'',/i) + II A/IUpfTxR'i.At)- 

i=l 
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Similarly, we denote by C°'^(T x R"^) the set of the functions f E Cb{T x R"^) having 
space derivatives Dif in Cb(T x R'^), for every i = 1, . . . ,d. It is a Banach space with 
the norm 

d 

ll/llc°'i(TxR'') = ll/IU + X! ll-^i/IU- 
i=l 

Proposition 2.14. Assume that Hvvotheses \2.1\ and \2.4\ are satisfied. Let C2 be the 
constant given by Theorem \2.5[ Then, for every t > and / G Ct(T x R'^) we have 

II |V,r(i)/| lloo < C2max{t-i/2, l}||/||oo. (2.17) 

Moreover, D{Goo) is continuously embedded into C'^'^iT x R''). 

If for some p > 1 the constant ip in (j2.8[) is finite, let C3 be the constant in estimate 
((TTU)1 . T/ien, /or ewer?/ / G iP(T x R'', /i), 

r C3e^-i-i/2||/|| 0<t< 1, 

[ C3mm{eV,e''p}\\f\\p, t > 1, 

anc? DiGp) is continuously embedded into W^'^iT x R'^j/i). Moreover, 

II I V,r(i)/| lip < e^''! I V,/| lip, t > 0, / e W^;^i(T X R^ /i). (2.19) 

Proo/. Recalling that T{t)f{s,x) ^ P{s,s - t)f{s - t,-){x), estimate (PTT)) follows 
immediately from (|2.7|) and (|2.6p . 

Let us prove that D{Goo) is continuously embedded into Cj,' (M^+'*). D{Goo) coin- 
cides with the range of the resolvent i?(A, Goo), for any A > 0. Since i?(A, Goo)/(s, a;) = 
e~'^*T(i)/(s, x) for any (s, a;) S R^"'"'^, estimate (|2.17p implies that the derivatives 
DiR{X,Goo)f are bounded by C||/||oo for some G > 0. Their continuity follows from 
the continuity of the space derivatives of T{t)f fLemma I2.8P through the dominated 
convergence theorem. 

Assume now that ip < +00 and let / G LP{T x 'R'^,fi). Using (I2.13P we obtain 

/ \V,T{t)f\Pd^i r [ |V,P(s, s - t)f{s - t, ■)ix)\P^is{dx) ds 



(Cse^^y 



T 



< \ max{^-^/^ 1} ll/(.s-i,-)IIL(E^M._.)'^^ 
= (G3eV).n,ax{t-^'/M}||/r,,(,,^,^^). 
If £p > 0, for i > 1 we use (|2.14p instead of (|2.13p . and we get 

|||V.r(t)/|||p<G3e^-||/||p. 

In any case, (|218l) holds. The embedding D{Gp) C W^^'^{T x R'',//) follows again from 
the equality i?(A, Gp)f = e-^*T(t)fdt, for any A > 0. 

Estimate ([^3^)1 follows from TheoremHHi) and from the density of G°^^(T x R'', ^) 
in W°'i(T X M'',^). □ 

If some bounds on Q and on (6, x) hold, we can prove important integration formulae 
in D{Goo)- They yield the embeddings D{Gp) C VF°'i(T x R"',//), even without the 
assumption < cxi. 

Proposition 2.15. Assume that Huvotheses\2. 1\ and\2.4\ are satisfied. Then: 
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(a) // there exists C > such that 

\\Qis,x)\\c(R.) < Ci\x\ + l)Vix), {bis,x),x) < Ci\x\^ + l)V{x), G M1+^ 

(2.20) 

then for every p g (l,oo) and u G D{Goo), WY"""^ {Q"^ xU,"^ xu)x{u^o} belongs to 
Li(T X and 

\uY'-^{QVxU,Vxu)x{u^^}d^l< ^— [ u\uY^-^Gpud^Ji■ (2.21) 

(b) ij there exists C > such that 

\\Q{s,x)\\ci^^.)<C{\x\^\)V{x), \{b{s,x),x)\<C{\x\'' + l)V{x), (s,a;)GRi+^ 

(2.22) 

then for p > 2 and u G D{Gryc ) we have 

[ \u\P-^{QVxU,V,,u)x{umdl^ = ^/ u\u\P-^Gpudfx. (2.23) 

JTxR<* P J- JTxR'' 

(c) // the diffusion coefficients qij are hounded, then for every p £ (l,oo) and u £ 
D{Goo), (12:23)1 holds. 

Proof. Step 1: p>2. Let u € D{G^). Then, 

g{\u\p) = pu\uy'-''gu+p{p - i)\u\p-^{qVxu, v,u). 

Since u, DiU, Qu are bounded, if the diffusion coefficients are bounded ^(juj^) is bounded 
too. Therefore, G D{Goo) C D(Gi), so that ^.^^^^ g{\u\P)dpL = and ^(1^ holds. 

If (P?^ holds, the mapping {s,x) ||(9(s, a;)||£(K<i) is in L^{i: x W^,p), so that 
tJdwl'') belongs to L^{T x , ji). This does not guarantee that \u\'p G D{Gi) in the case 
of unbounded diffusion cocfhcicnts. However, we shall show that /j-xRd Q{\u\'P)dp- < 0, 
and that /j^Rti S(I^I'')'^M = if the stronger condition (|2.22p holds. 

Let rj G C°°(R) be a nonincreasing function such that l[o,i] < < ll[o.2]- For R> 1 
define the functions 6'ii(a;) := ?7(|2;|/i?) for any a; G R"*. Since ^(|m|'') G L^{T x K'^,Ai), 
then 

/ g{\u\P)dp= lim / g(|u|f)0j^d^. (2.24) 

Let us estimate the integrals J^^^^ g{\u\P)9iidp. For every i? > 0, \u\p9r belongs to 
np<oo <'ioc(R'+') n C,{T X R'^) and 

g{\u\p0R) - |wrg(0fl) + g{\u\p)eR + 2pu\u\p-^{Q\/xu,\/en) 

belongs to Cb{T x R'^). Hence, |u|P6'fl G -D(Goo), so that the mean value of 5(1^1^61^?) 
vanishes. This means 



g{\u\P)eRdp^ / {-\u\Pgi9R)^2pu\u\P-'{QVxU,V9R))dp. (2.25) 
Let us compute ^(6'7j)(s, x) = (^^(5)6* a) (s, a;). We have Dj9R{0) = Aj6'i?,(0) = and 



R ) \x\R' 



R y |x|2i?2 ' ' \ R \x\R ' \ R \x\3R 
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for any a; G R"* \ {0} and any i,j = 1, . . . ,d. Therefore, 



iA{s)en)is,x)^r,"f\^^ , ^,f\x\\ Tr(Q(.,x)) 



|x|2i?2 



\x\R 



, f\x\\ {Qis,x)x,x) , /\x\\ {b{s,x),x) 



|a;|3i? 



\x\R 



Since ri'(r) and ri"(r) vanish if r ^ (1, 2), there exists Ci > such that 
„ f\x\\ {Q{s,x)x,x) , /|a;|\ Tr(Q(s,a;)) , f \x\\ {Q{s,x)x,x) 



Ixl^R^ 



< 



for any (s,x) G ]R^+'*. Moreover, {Q\7xU,\76r) goes to pointwise as i? ^ oo, and for 
each s e M and x eM.'^ we have 



\{Q{s,x)VMs,x),Ven{x))\ < C{\x\ + l)V{x)\\ |V,m| 
Thus, for (s, x) e T X (M'^ \ {0}) we have 



R 







rj' 


m 



<3C\\i\\^Vix). 



R 



\x\R 



(2.26) 



where hmfl^oo ||/fl||Li(TxR'i,^i) =0. Let us spUt {b{s,x),x) ^ (b{s, x), x) + ~ {b{s, x), x)^ . 
Then v'{\x\/R)^'^^^0]r- < 0, while r/'(|a;|/i?)^^^^^^ goes to pointwise as i? ^ oo, 
and by (f2:20l) 



, f\x\\ {b{s,x),x) + 



\x\R 



< 



C{\x\^ + l)V{x) 



\x\R 



< 5Cy\\ooV{x), (2.27) 



for any {s,x) G R^+'', so that by dominated convergence 

, /|x|\ {b{s,x),x) + 



hm 



R 



\x\R 



dfi = 0. 



Formulae ((2?25l) and ((2?26l) yield, for every R>0 

g{\u\p)0Rdn < 



f f N , {Ks,x),x)- 



|a;|i? 



(2.28) 



dfi, (2.29) 



where the right-hand side goes to as i? — > oo. Now, taking p.24p into account, (|2.2ip 
follows. If in addition p.22p holds, estimate (|2.27p and its consequence (|2.28p hold with 
(6(s, a:), x)^ replaced by (6(s, x), x), so that (|2.29p may be replaced by 



g{\u\p)ORd^i 



/i?(s, x) - ri' 



I {b{s,x),x) 
R ) \x\R 



and letting R^ oo, ((2?24)) implies ((2?23)) . 

Step 2: I <p <2. Fix u e D{Goo) and 5 > 0. Then, the function := (u^ + (5)f - (jf 
is bounded and continuous in T x M"^. A straightforward computation shows that 

Gus ^pu{u^ + 5)^-^gu + p{u^ + 5)i-\p-l)u'^ + 5]{QVxU,Vxu). 

If (p:^ holds, then Qus belongs to i^(T x M'^,/i). Moreover, 

g{useR) = usGiOR) + g{us)eR + 2pu(u2 + j)"^ (qv,m, vOr) 
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belongs to Cfc(T x R'^), and 



\uiu' + 6)—{QV,u,VeR)\ < "'"°" V{\\u\\i, + S)—\\ \VM\\oo- 
The arguments used in Step 1 show that J^y^^d Gugd^ < 0, i.e. 

{u^ + S)^-^[{p-l)u^ + S]{Q\7^u,\/^u)d^<~- I u{u^ + S)^^'^gudfi. (2.30) 



If the diffusion coefficients are bounded, Qus belongs to Cfc(T x K''), hence us G 
D{Goo) C D{Gi) and the inequality in (|2.30p can be replaced by an equality. 

By dominated convergence, the right-hand side of (|2.30p converges, as 5 ^ 0, to 
the corresponding integral with 5 — 0. Indeed, for any 5 > 0, the function |it|(u^ + 
6)^^^\Gpu\ is bounded from above by |m|''^^|G'pu| since p < 2, and the /i-a.e. pointwise 
convergence is obvious. On the other hand, the functions 

converge pointwise a.e. (with respect to the Lebesgue measure) in {u ^ 0} to the 
function \u\^~'^ {Q\/ ^u.W xu)x{u^{)}i and V^jU = a.e. (with respect to the Lebesgue 
measure) in the set {u — 0}. Since /i is absolutely continuous with respect to the 
Lebesgue measure, it follows that {v? + (5)?~^[(p — l)u^ + S\{QWxU, Vxu) converges to 
/x-a.e. in {u = 0}. This shows that {u^ + S)^~^[{p — l)u'^ + 6]{Q\7xU,Vxu) converges 
pointwise to \u\^~'^{QWxU,Wxu)x{u^o} M'^-e. in T x R''. By the Fatou Lemma, 



/ \u\P-^{Q^xU,^xu)dn <limmf [ 



(u' + S)^-'[{p - l)u' + S]{QVxU, Vxu)dn 



lim / m(w^ + (5)2 ^Gpudfj, 



p-l s^o+ Jtx 
1 



u\u\^ ^Gpudii, 



p-1 

and this implies that \u\p~''^ {QW xU,W xu)x{u^o} belongs to L^{T x R'',//). Now, since 

{u^ + 5)^-^[ip - l)u^ + S]{QVxU, Vxu) < 2(4 - p)^ \u\p-'' {QV xU, V,u)x{„^o}, 

we can apply the dominated convergence theorem to both sides of (|2.30p (which is an 
equality if the diffusion coefficients are bounded) and conclude that (|2.2ip holds if (|2.20p 
is satisfied, and that (|2.23p holds if the diffusion coefficients are bounded. □ 

Corollary 2.16. Let Hvvotheses\2.1\ and\2.4\ hold. Then: 



(a) if the diffusion coefficients are bounded, or if (|2.20p holds, D{Gp) C W^'^(T x R'^) 
for each p € {l,oo), and the mapping f i— > Q^^^Vxf is continuous from D{Gp) into 
{LP{T X R'', for\<p< 2; 

(b) if the diffusion coefficients are hounded, or if (|2.20p holds, inequality (|2.2ip holds 
for every p G (1, oo) and u £ D{Gp); 

(c) if the diffusion coefficients are bounded, equality (|2.23p holds for every p > 2 and 
ueD{Gp). 

Proof, (a). Let 1 < p < 2 and / e D{Goo). Using the Holder inequality, (|2.2ip and 
then the Holder inequality again, we get 

— — — 1 

\JtxR'' J \JTxR'' / JTxR'' 
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< 



flip' — 7 / \fr'\Gpf\dfi 

\f\\p\\Gpf\\p- 



p-1 

Therefore, || \Q^/^V,f\ \\p < 1/(2Vp^)||/||d(g,)- Since 0(0^) is dense in Z?(Gp), 
the mapping / Q^^'^V^f is bounded from D{Gp) to {LP{T x R'',/i))^ and, since 
Q{s, x) > r]Ql for each s and x, also the mapping / i-^ V^;/ is bounded from D{Gp) to 
(LP(T X W^,^l)Y, that is D{Gp) C W°'i(T x 

If p > 2, the embedding foUows by interpolation between and L°°. Precisely, 
since for i — 1, . . . , d and A > the mappings f ^ Di e~^^T{t)f dt are bounded in 
L2(TxM'*, ^) by statement (a), and in L°°(TxR'', ^) by TheoremHHl they are bounded 
in LP(T X /i) for every p G (2, oo). On the other hand, e-^*T{t)f dt = R{X, Gp)f 
for every / S LP{T x R"*, /i). Therefore, the range of R{X, Gp), which is the domain of 
Gp, is continuously embedded in Wp'^{T x M'', fi). 

(b). Consider the nonlinear functions on D{Gp) defined by 

H{u) = \u\P-^{QV,u,V^u)x{u^o}. K{u) = u\u\P'^GpU. 

It is easy to see that K is continuous with values in L^{T x R*^,/!). Concerning H, 
fix w € D{Gp) and let (w„) C D{Gao) converge to u in D{Gp). By statement (a), 
converges to u in W^p'^(T x M'',/^). We may assume (possibly replacing u„ by a 
suitable subsequence) that it„, DiUn converge, respectively, to w, pointwise /i-a.e, 
i = 1, . . . ,d, so that H{un) converges to H{u) pointwise /i-a.e in {u ^ 0}. For every 
n S N, w„ satisfies (|2.2ip by Proposition 12.151 Letting n oo we get, by the Fatou 
Lemma, 

'■(QV^u, Vxu)x{uM dfi < liminf / \un\P^'^ {QV ^Un, '^xUn)x{u„M dfJ- 



Txl 



n — >oo 



<Jim / Un\Un\^ ^GpUnd/I 

ItxR'' 



/ u\u\P ^GpudiJ, 



that is, (|2?2T|) holds for every u £ D{Gp). 

(c). If the diffusion coefficients are bounded, using statement (a) and the Holder 
inequality it is easy to see that the function H : D{Gp) L^{T x M'',/i) is continuous 
for p > 2. Since D{Goo) is dense in D{Gp) and (p:23| holds for u e D{Goo) by 
Proposition 12. 15|, then it holds for u G D{Gp). □ 



As in the case of evolution semigroups in fixed Banach spaces, the spectral mapping 
theorem holds for T{t). The proof is the same of Prop. 2.1] with obvious changes, 
and it is omitted. 

Theorem 2.17. Let 1 <p < oo, and denote by Tpit) the realization ofT{t) in L'p{T x 
]R'',/i). Then we have 



a{Tp{t))\{Q} = e'^^^^\ t > 0. 
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3. Asymptotic behavior 

In this section we prove some asymptotic behavior results for T{t) that yield asymp- 
totic behavior results for P{t, s). 

We introduce a projection 11 on functions depending only on time, defined by 

Ufis,x):^mJis,-)^ [ f{s,y)fi,{dy), seT,xeR^-. 
Jr'' 

It is easy to see that ||n||£(c.,(TxR<')) 1, and \\U\\c(LPiTxm'',f,)) = 1- The ranges 
of n(Cb(T X R'')) and of n(LP(T x may be identified with C(T) and with 

LP(T, 4?), respectively. T{t) leaves C(T) and LP{T, ^) invariant, and the part ofT{t) 
in such spaces is just the translation semigroup / t-^ f{- — t). Although T{t) is not 
strongly continuous in Cb{T x M''), the part of T{t) in C(T) is strongly continuous. 
The infinitesimal generators of the parts of T{t) in C(T) and in LP{T, ^) have domains 
(isomorphic to) C^(T) and W^'P{T, ^), respectively, and coincide with —Dg. 

In the next theorems we relate the asymptotic behavior of T(t) to the asymptotic 
behavior of P{t, s). 

Theorem 3.1. Let Hypothesis \2.1\ hold. For 1 < p < oo, consider the following state- 
ments: 

(i) for each f E LP{T x W^, we have 

lim ||T(i)(/ - n/)|Up(TxK^p) = 0; (3.1) 

(ii) for each ip G Cb{^^) we have 

3/VteIR, lim |lP(t,s)^-m,^|lip(R..,,^) =0; (3.2) 

(iii) for some/each s we have 

mTi^||P(t,s)(^-m,</.|Up(R.,^^) =0, ^ELP{W',^i,)- (3.3) 

(iv) for each ip G Cfc(M'') we have 

3/VteM, ^hm^||P(i,s)^-m,^|Uoo(B(o,ii)) =0, i? > 0; (3.4) 

(v) /or some/ each s G M we have 

lim ||P(t, s)(^ - m,(p|Uoc(s(o.fl)) =0, </7 G Cb(R''), i? > 0. (3.5) 

for every "p G [1,cxd), statements (i), (ii), (iii) are equivalent, and they are implied 
by statements (iv) and (v). If in addition Hypothesis \2.4\ holds, for every p G [1,cxd) 
statements (i) to (v) are equivalent. 

Proof. The proof is split in several steps. 

Step 1: 3/V parts of statements (ii) to (v). To begin with, let us consider statement 
(ii). Let Lp G C^iW^) and G be such that hms^_oo \\P{tQ,s)'^ — ^sV\\lp{vl'^ ,1^^) 
= 0. Then, for t > to, we have P{t,s)ip — ms(p = P{t,to){P(to, s)(p — niscp) so that 
\\P{t, s)ip - TOs<y5||Lp(R'',Mt) ^ li^(^o, s)ip - m,s'p\\Lp{Rd,i,t^), which goes to as s ~> -oo. 
For t < io fix fc G N such that t + kT > to. Then, P{t, s)ip - m^^ = P{t + kT,s + 
kT)ip - ms+kT'P, and fit = Mt+fcT, so that \\P{t, s)ip - mstp\\Lp{R-i^^^) = \\P{t + kT,s + 
kT)ip — ms+kT^\\Lp(s.'i ,iit^kT) vanishes as s ^ — oo by the first part of the proof. 
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The same arguments yield the 3/V part of statement (iv). Indeed, let G Cb(R'^) 
and to G K be such that lims^_oo ||^'(^o, s)(p — msip\\L°^(B{o.B.)) ~ for each R > 0. For 
i > to we have P(t, s)(p—msip — P{t, to)ips, where ips :— P(to, s)tp—msip goes to locally 
uniformly as s -> -co. Corollary [13Ib) yields lims^_oo supj^^^ \\P[t,h)Vs\\L--(B(Q,R)) 
= for each i? > 0, that is p.4|) holds for t > to (even uniformly with respect to t). If 
t < to it is sufficient to fix fc e N such that t + kT > to and to argue as above. 

Concerning statement (iii), if (|3.3p holds for s = so, then it holds for each s G M. 
Indeed, for s < so and (p E LP{M.'^, fig) we have P(t, s)(p — P{t, so)P{so, s)(p and 



msoPiso,s)ip ^ / P{so,s)ipdiJ,so ^ / ipdfis = msip, 

SO that 

\\P{t, s)(p - ■ms(p\\LP(Rd,^t) = \\P{t, So)tp - TOsol/'llLP(R<i,Mt)' 

with tp = P{so, s)(p. Since tp £ LP{M.'^, t^sa), the right-hand side vanishes as t ^ oo. 
For s > So fix fc G N such that s - fcT < sq. Then, 

\\P{t, s)ip - ms(p\\LP{M'',^t) ^ ll-f -kT,s- kT)Lp - ms-/cT¥'||LP(Md,^,_,r)- 

Since s — kT < soj by the first part of the proof the right-hand side vanishes as t — > c». 

The same arguments show that if p.5|) holds for some so, then it holds for each 
s G M. 

Step 2: (i) implies (ii). Let us fix (/? G C^(R''). By Step 1, it is enough to show that 
limg^oo ||-P(0, —s)ip — m_s(^||ip(]{d_^jj') = 0. To this aim we shall prove that, for every 
sequence (t„) oo, there exists a subsequence (s„) such that lim„^oo ||^'(0, —Sn)ip — 

"^-s„'PllLP(Rd,po) = 0- 

Set /(s, x) := f{x) for any (s, x) G R^+'^. Then, / G Cfc(T x M''), and for every t > 0, 
s G K. and x G M'' we have 

T(t)(/ - n)/(s, x) = P{s, s - t)^{x) - m,_t^. 

Formula p.ip implies 



.0 

Since P{Q,s-t)ip{x)-ms-tV = P(0, s)[P(s, s - 1)(^ - ms-t(^] for s G [-T, 0] and t > 0, 
and (11.411 holds, then 







£m |1P(0, s-t)^- m,^M\l^,^^,^^^^^ds = 0. (3.6) 

It follows that for every sequence (t„) oo there exist a subsequence (s^) and a set 
F C [— T, 0], with negligible complement, such that 

Jl™^l|f'(0,s-s„)<^-ms_s„(^||iP(Rd,^o) =0, s G F. (3.7) 

Our aim is to show that G F. This follows from the uniform continuity in (— oo, 0] of 
the Cf,(M'')-valued function s i— > P(0, s)(/? (see Theorem I2.2f ii)) and of the real-valued 
function s i— > nis^p (see Corollary 12. 3|) . Indeed, for each s G F we have 

|1P(0, -Sn)v - m_sM\Lp{R^i,^,„) < ll-P(0, -s„)v - ^'(0, s - s„)(^||lp(r^^o) 
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and ||P(0,-s„)(/3-F(0,s-s„)(y5||ip(Rd^^i,) < ||P(0, -s„)(y3 - P(0, s - s„)(p||oo. Then, for 
every e > there exists ^ > such that ||P(0, — s„)iy9 — P{0, s — Sn)'p\\Lp{M'^,fiQ) < £ and 
|tos-s„</3 - m-s„v\ < e> for each s G {~S, 0) and n e N. Fix s G T n {-S, 0). By ([SJ]) . 
||P(0, s — Sn)'p — TOs-s„</'IIlp(K'',aio) — ^ fo^' large enough, say n > n{s,e). Summing 
up, ||P(0, — s„)iy9 — '>Ti-s„^\\Lp{R'',f.io) — 3^ fo'' — n{s,e). Therefore, G F and (|3.2p 
holds for ^ G C^°°(M''). 

Let us now fix G Cb(K'^), and let {(pn) be a bounded sequence of test func- 
tions that converges to ip locally uniformly. By Corollarv l2.3f b). hm„^oo sup^gR \\(pn — 
vWLPiR^,^,) = 0. Since 

+ \msipn ~ ms(p\ (3.8) 

< 2sup||(p- .^„||ip(Rd^^ ^ + \\P{t,s)ipn - ms(Pn\\LP(Rd,t,t), 

ses. 

for every n G N, then \\P{t, s)ip — ?Tisiy9||iP(R£i.^,j) goes to as s ^ — oo. 
Step 3: (i) implies (Hi). Let Lp G Cbi^'^)- Changing variable in p.6p we get 

lim / / \P{s + t,s)ip{x) ~ msipf ^s+t{dx)ds ^ 

Jo JR<i 

so that there exists a sequence (t„) — s- cx) such that, for almost every s G (0,T) and by 
periodicity for almost every s G M, we have 

lim / \P{s + tn,s)p{x) - ms<p\Pfis+tr,{dx) = 0. (3.9) 

Let F' be the set of ah s G R such that (|3.9p holds. For s G F' and for t G [t„, t„+i) we 
have 

P{s + t, s)lp - nisip = P{s + t,s + tn)[P{s + tn, s)ip - nisip], 
so that, from (|1.4p . 

\\P{S + t, S)p - msp\\LP{R'i,^,,^^) < \\P{S + tn, S)p - 'msp\\LP{R'i,^,, + ^^)- 

Hence, limt_>oo \\P{tTs)p — T^s'^WLPiW^.^it) = f^^' ^ ^ T'. To prove that the limit is 
zero for every s G M, we argue as at the end of Step 2, replacing Lpn by P{s,rn)(p, with 
t s as n — > OO. Indeed, by Theorem |2^ii), P{s,rn)(p converges to p locally 
uniformly. Estimates p.8p imply the statement. 

li (p G LP{W^, fis), (|3.3p follows approaching 1^9 by a sequence of functions in Cf,(M'') 
and recalling that P{t,s) and iris are contractions from LP{R'^,ij,s) to (M.'^ , fit) ■ So, 
statement (iii) holds. 

iStep 4- if Hypothesis \^^\ holds, (ii) and (iii) imply (iv) and (v), respectively. Let 
(p G C(,(M'^). Then, for every t E M., the functions P(t,s)(p — ms(p {s < t — 1) are 
equibounded and equicontinuous by estimate (|2.7p . By the Arzela-Ascoli Theorem, for 
every R > there exist a sequence (s„) — > —00 and a function g G Cb{B{0, R)) such 
that lim„^oo ||-P(t, s„)</3 - nis^ip - 5llL°°(s(o,i?)) = 0. 

Let p be the continuous positive version of the density of fi with respect to the 
Lebesgue measure. Then, /i^ — p{s, x)dx for any s G M, by the remark after the proof 
of Proposition [2T0l For each n G N we have 

inf p \P{t,Sn)ip{x) ~ ms^(p\dx < / \P{t, Sn)ip{x) - ■ms^(p\p{t,x)dx 

RxB{0,R) Jb(0,R) JBiO.R) 
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\P{t,Sn)ip{x) - nis^^ipldnt < / \P{t,Sn)(p{x) - ■ms^(pfdfit 

5(0, i?,) yJw 

If (ii) holds, the last term vanishes as n ^ oo. Therefore, /q^q r) ~ that 

g = and (v) holds. 

The proof that (iii) implies (v) is the same. 

Step 5: (ii), (Hi), (iv), (v) imply (i). Let f{s,x) = a{s)ip{x), with a € C(T) and 
if e CbiW^). Then T{t){f - Ilf ){s,x) = a{s - t){P{s, s - t)iplx) - rus-t^), so that 



^ Jo JR'^ 



(s, s — t)ip(x) — ras^t^\'P l^sidx) ds. (3.10) 

If (ii) holds, then limj^^oo \P{s,s — t)ip{x)~mg_tLpY'^,g{dx) ~ for each s G (0,T). 
Moreover, /jjjP(s,s-i)^(a;)-m,„t(p|P/i,(dx) < (2||^||^)p, for each s G (0,T). If (iv) 
holds, \a{s — t){P{s,s — t)(p{x) — nis-tf)]^ goes to zero pointwise, and it does not 
exceed (2||q;||oo|| vlloo)^j for each s G (0,T). In both cases, by dominated convergence 

limt_,oo ll^(i)(/ - n/)|lip(TxK<',M) = 2^ 

If (iii) or (v) holds, let us rewrite (|3.10p as 



1 '■^ 



mm - n/)|li,(TxM^,,) = T I / + ^' ~ ^M''^'s+tidx) ds. 

Then, limt^oo /ijd \P{s + t, s)(p{x) - rUsipY' ^is+t{dx) = for each s G (0,T) if (iii) or (v) 
hold. If (iii) holds, this is immediate. If (v) holds, it is sufficient to use the uniform con- 
vergence of \P{s-\-t, s)Lp — mstf\'' to zero as t — > +oo, on each ball 5(0, R) and Corollary 
2.31 In both cases, we have again Jj^^ \P{s + t, s)(p{x) — msipy iis+t{dx) < (2||iy9||oo)^, for 
each s G (0, T). By dominated convergence, limt^oo \\T{'t)if ^ ^f)\\L1•(TxR'^.^l) = 0. 

Since the linear span of the functions f{s,x) — a{s)Lp{x), with a G C(T) and (p G 
Cf,(R''), is dense in Lp{T x R'*, /i), (i) follows. □ 



Theorem 3.2. Let Hvvothesis\2.1\hold. Fix 1 <p < oo, M > 0, a; G M. The following 
conditions are equivalent: 

(a) for every t > and u £ LP{T x W^, pi), 

\\T{t){I -Ii)u\\p < Me'^*||w||p, i > 0, u G i^(T x K^/i); 

(b) for every t > s and (p G LP{'R'^, fig), 

||P(i,s)(^-m,^||iP(Rd^^^) < Afe'^(*-^'||^||iP(Rd^^^), t>s, G (R^ /i, ) . 



Proof. For p ^ oo the equivalence is immediate. 

The proof that (a)^(b) for p < oo is quite similar to the proof of Step 2 of [l8l 
Thm. 2.17], that concerns p = 2 and backward Ornstein-Uhlenbeck evolution operators. 
In our periodic case we do not need the localization function ^ of [IH], it is sufficient 
to define u(s, ■) = p for every s. We omit the details of the proof, leaving them to the 
reader. 

Still for p < oo, (b)=>(a) is easy. For, if (b) holds, then for s G K, t > 0, and 
u G LP(T X E"*,/!), we have 



/ 



|P(s, s - t)u{s - t, •) - rUs-Ms - t, ■)\Pdfi, < MPe'^P* / \u{s - t, ■)\Pdfis-t 
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and integrating over [0, T] we obtain 

/ \T{t){I - n)u\Pd^l < APe^P'^ r [ \u{s - t, ■)\Pdt,s-tds 
JTxE'' ^ Jo Jr'^ 

= MPe'^P*l r [ \u{T,-)\PdfirdT 

^ Jo Jw 
= MPe"f*|ju||P. 

□ 

Remark 3.3. It is also possible to relate the asymptotic behavior of VxT{t) to the 
asymptotic behavior of WxP{t,s). Namely, results similar to Theorems 13.11 and 13.21 
hold, with \'VxT{t)u\ and \WxP{t, s)lp\ replacing T{t){I — Ii)u and P{t,s)(p ~ nisf, 
respectively. The details are left to the reader. 

In view of Theorems 13.11 and 13. 2[ we study the decay to zero of T{t){I — 11). The 
starting point is the decay of \\/xT{t)f\ as t ^ oo, for every / G L^(T x W'-,^). Since 
everything relies on formula (|2.2ip . we need that the assumptions of Proposition 12. 151 
hold. The proof of the following proposition is an extension to the evolution semigroup 
of a similar proof for Markov semigroups generated by elliptic operators (e.g., [B]). 

Proposition 3.4. Let Hypotheses \2.1\ and \2.J\ hold. If the diffusion coefficients are 
hounded, or if p.20|) is satisfied, then for every f e L'^iTx M'',^) we have 

lim |||V,r(t)/|||2=0. (3.11) 

t — *oo 

Proof. Let / G D{G2)- From the equality 

j^wmni - 2(T(o/,G2r(o/)i.(TxM.,^), t > 0, 

we obtain 

\\T{t)f\\l - WfWl = 2 f [ T{s)fG2T{s)fd^i ds, t > 0, 

Jo JTxM'i 

and using (I2.2ip . that holds for the functions in D{G2) by CoroUarv 12 . IGr b) . we get 

\\r(t)f\\l + 2 f f {QWxT{s)f,VxT{s)f)dfids<\\f\\l t>0. (3.12) 
Jo JtxW 

Therefore, the function 

Xf{s) := f \VxTis)f\^dn, s > 0, 

is in L^{0,oo), and its L^-norm does not exceed H/Hi/'yo- Its derivative is 
X'fis)^ I 2{VxT{s)f,VxT{s)G2f)dix 

JtxR'^ 

so that, if / e D((G2)2), 

|X/(s)| < 2 f / \VxT{s)f\'dA ' ( f \WxT{s)G2f\'dfi) ' < x/(s) + Xg./(s), 

KJTxR'^ / / 

for any s > 0. Therefore, also x'f is in i^(0, cxd). This implies that limg^^oo X/(s) = 0, 
and (|3TT|) holds for every / e D{{G2)^). For general / G L^{T x W^, fi), (laUll follows 
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approaching / by a sequence of functions in I?((G2)^), which is dense in L^(T x E"*, n), 
and using Corollary 12. 16r a) . □ 

Theorem 3.5. Let the assumptions of Proposition \3^\ hold. Then, for every p G [l,oo) 

lim |ir(i)(/-n)/||p = o, f eV\TxK.\^J.). (3.13) 

Therefore, statements (ii) to (iv) of Theorem \3.1\ hold. 

Proof. Let / G C, which is dense in L^iJ x W^,^) by Proposition EIEl Then, / is a 
linear combination of functions Ur^x^a, defined before Proposition 12.121 

Let us prove that, for each u = Ur.x,a, the set of functions {T{t)(I — Il)u : i > 0} is 
equicontinuous and equibounded in R x B{0, R), for each R> 0. 

Since Ilu{s,x) = a{s)mrXj then T{t)Ilu{s, x) = a{s — t)mrX is equicontinuous and 
equibounded. Concerning T{t)u, we recall that it is the time periodic extension of the 
function (s, x) t-^ a{s — t)P{s, t)x{x) defined for s E [a + t, a + t + T), x € W^, if the 
support of a is contained in (a, a + T) with a > t. We have to prove only equicontinuity, 
since \\T{t)u\\^ < ||a||oo||xl|oo. By Theorem [131 || |V,a(s - t)P(s, r)x| ||Loo(Rd) < 
Ci||ck||oo||x||ci(r<*): so that T{t)u is equi-Lipschitz continuous in x. To prove that it is 
equi-Lipschitz continuous in s we show preliminarily that, for every R > 0, 

sup \A{s)P{s, T)xix)\ <oo. (3.14) 

s>T,\x\<B. 

From the proof of 20, Thm. 2.2] we know that the function {s,x) i-^ P{s,t)x{x) 
belongs to Ci^"^^'^^"" {[t, oo) x M'') and, therefore, 

sup \A{s)P{s, t)x{x)\ < oo. 

T<s<T+2T, \x\<R 

Use {T + kT,T + {k + l)T] with fc > 2 we write 

P(s, t)x = P{s, T+{k- 1)T)P{t + (fc - l)r, t)x P{a, t)^, 

with a = s-(fc-l)r e (r+T, T+2T], ^ = P{T+{k~l)T, t)x e ^(R'^), < llxlloo- 

By Theorem ESJi), 

sup{\A{a)P{a,T)^ -.T + T <a <T + 2T, \x\ <R}<C{R)Moc, 

and (Pl^ follows. 
From the equality 

DsT {t)u{s, •) = a'(s - t)P{s, t)x + a{s ~ t)A{s)P{s, t)x, s e [a + t,a + t + T), 

using (|3.14p we obtain that DsT{t)u is bounded in [a + t, a + t + T) x 5(0, R). Since 
it is periodic in s, it is bounded in R x 5(0, R). 

Therefore, for each f G C the set of functions {T{t)f : t > 0} is equicontinuous and 
equibounded in R x B{0,R), for each R > 0. By the Arzela-Ascoli Theorem and the 
usual diagonal procedure, there exist a sequence t„ — > oo and a function g G Cb{T x R'^) 
such that T(t„)(/ — n)/ converges to g uniformly on T x -6(0, R), for each R > 0. Since 
\\T{tn){I - n)/||oo < |j/||oo, by dominated convergence T{tn){I ~U)f converges to g 
in LP{T X for every p S [l,oo). 

Let us prove that g = 0. We have lim„_^oo \\'^{tn){I — H)/ — g\\2 = 0, moreover, 
by Proposition 13.41 lim„^oo || xT{tn){I ~ n)/| ||2 =0. Since the density p oi ji with 
respect to the Lebesgue measure is positive, the space derivatives are closed operators in 
L2(TxR'^,/x). This implies that g € W^'^iTxR'^, p.) has null space derivatives, so that it 
depends only on s. On the other hand, g G (/ — n)(L^(Tx R'^, p)) because it is the limit 
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of the sequence (T (t„)(/ - U)f) that has values m (/ - U){L'^{T x K'^, ^)). If a function 
in (/ — n)(L^(T X M'', /i)) is independent of the space variables, it vanishes. Therefore, 
(7 = 0. Since the only possible limit g is zero, then limi^oo \\'^{t){I ~ n)/||p = 0, for 
every p g [1, 00). 

Since C is dense in LP(TxM'',^) and ||r(t)(/ - n)||£(ip(TxE^,.)) < 1, (pT^ follows. 
Theorem 13.11 vields the other statements. □ 

For if S CbiM.'^), the convergence of P{t, s)ip—ms(p to is not uniform in R'' in general, 
even in the autonomous case. Take for instance any Ornstein-Uhlcnbeck operator A, 

where Q is symmetric and positive definite and all the eigenvalues of B have negative 
real part. Then, the Ornstein-Uhlenbeck semigroup T(t) has a unique invariant measure 
/i, which is the Gaussian measure with zero mean and covariance operator Qoo '■— 
/o°° e'^Qe"^' ds. We have P(i, s) = T{t - s) and A^t = A* for every t G M. 
Take an exponential function g — e'^ '''^ {h e R'^). Then 

T{t)g ^ exp(-i(Qt/i,/i) +z(-,e*^*/i)) , i > 0, 

where Qt := j^e^^Qe^^ ds. A simple computation shows that g d/x = e^^'^"'*''*^/^. 
Therefore, 

T{t)g- I gdfi = {exp(-i(Qt/j,/i)) -cxp(-i(goo^/i))}e^<'^"*''> 

+ exp{-^{Q^h,h)) (exp(i(-,e*-^*/i)) - l) , 

for any t > 0. The sup norm of the first addendum in the right-hand side vanishes as 
t 00 but the second one does not, since, for any t > 0, sup^gjjd | exp(i(a:, e*^ h)) — l\ = 
suPegR I exp{i6) — 1| =2. 

Concerning exponential rates of convergence, for every p € [l,oo) let us define the 
right half-lines 

:= {co e R : 3M^ > s.t. ||r(t)(/ - n/)||p < M^e"*||/ - n/||p for any t > 0, 
/ e LP{T X M^Ai)}, 
Bp:={u;eR: 3N^ > s.t. || |V,T(t)/| \\p < iV^e'^*||/||p for any t > 1, 
/eLP(Tx]R^Ai)}, 
and their infima 

ujp := inf Ap, 7p := inf Bp. (3.15) 

Then, Wp < is the growth bound of the part of T{t) in (/ - n){LP{T x R'^, ^)). We 
recall that ii £p < 00, then £p e Bp by Proposition 12 . 141 hence jp < min{^p,0}. 

Theorem 3.6. Let Hypotheses \ 2. 1\ and \2.4\ hold. Then Ap C Bp for every p G (l,oo) 
such that ip < 00. If the diffusion coefficients are bounded, Bp C Ap for every p > 2. 

Proof Let Ip < 00. By PropositionHH T{t) maps ^^(T x R'^, /i) into W^^^{T x M^, p) 
for every t > 0. 

Fix / e LP{T X R'',/!) and w G Ap. Since H/ is independent of x, V^T{t)f = 
VxT{t){f — n/). Taking (|2.18p into account, for t > 1 we estimate 

liv,r(0(/ - n/)||p = \\WxT{i){T{t -i){f- n/))||p 



\T{t)f\pdfi = p / \Tit)fr'T{t)f G.mfdfi, 
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<C3e^''||r(i-i)(/-n/)||p 

<C3e'-M^e'^(-'-^^\\f~nf\\p, 
so that uj G Bp, and the first part of the statement is proved. 
If the diffusion coefficients are bounded, set 

A := sup{(g(s,x)^,0 : s e T, X e M'', e e K'', |CI = !}• (3.16) 

Since Ap D [0, oo), if Bp C [0, oo) the inclusion Bp C Ap is obvious. So, we may assume 
that Bp n (-00,0) ^ 0. 

Fix f n)(D(Gp)) and w e Bp, w < 0. Then, 

dt 

so that, by (|2.2ip and the Holder inequality, 

/ \Tit)f\pdfi = -Pip -I) ( |T(i)/r-2 (gv.r(t)/, v.Tit)f)dfi 
>-p(p-i)A||r(t)/||^-2|||v.r(t)/|g 

>-p(p-l)A||r(t)/||^-2iV5e2-*||/g. 

Therefore, the function 

2 

m--=\\mf\\i=( f \Tit)f\pdfiY , t>i 

\JTxR<* / 

either vanishes in a halfline, or it is strictly positive in [1, oo), and in this case 

p'it) = ^\\T{t)f\\i-p^ f imfi^dfi > ~2{p-i)ANy-'\\f\\i. 

P "'^ JTxR'' 

Since limt^oo Pit) = by Theorem 13.51 then 

_ ip- l)AiV2 



m = -J^ P'is)ds < 2ip-l)ANi\\frp e'-^ds = 
for any t > 1, that is, 

\\Tit)f\\l<Mpe'-'\\f\\l, t>l. 

Since (/ - U)iDiGp)) is dense in (/ - n)(LP(T x R'',/i)), the above estimate holds for 
any / G ^^(T x M'', ^), and this imphes that uj £ Ap. It follows that Bp C Ap. □ 



The second part of the proof of Theorem 13.61 may be easily adapted to the case of 
unbounded diffusion coefficients, and it yields, for p > 2, 

\\Tit)f\\l < Ce'^'WfWl, f e L^iT X /.), t > 1, 

for every lo < such that 

3M: ||(QV,r(i)/,V,T(t)/)||p<Me-*||/||p, / e (T x //), t > 1. (3.17) 

But at the moment we are not able to give any sufficient conditions for (j3.17p to hold, 
while a sufficient condition for 7^ < is £2 < 0, by estimate (I2.18p . 

Theorem 13.61 has two important consequences. The first one is about the spectral 
gap of Gp and the solvability of the equation Xu — GpU — /; the second one is about 
the asymptotic behavior of the evolution operator P(t, s). 
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Corollary 3.7. Let Hypotheses \2.1\ and \2.4\ hold. Assume that the diffusion coefficients 
are bounded and that £2 < 0- Then: 

(a) (T(Gp)ni]R = {2iTik/T : k £ Z} consists of simple isolated eigenvalues for every 
p G (l,c»). In particular, for every f S LP{T x R'^j/i) the parabolic problem 
GpU — f is solvable if and only if J^y^jg^d f dpi — 0. In this case, it has infinite 
solutions, and the difference of two solutions is constant. 

(b) For every p £ (1,cxd) Gp has a spectral gap. Specifically, 

' ifp>2, 



sup{ReA : A e o-(Gp) \ iM} < 



2^2(1 ifl<p<2. 



Proof. By Proposition EIH 72 < I2. Since \\T{t){I - n)/||i < 2||/||i for every t > 
and f e L^{T X R'^,^), using estimate p.lSp with p — 2 and interpolating between 
and we get 

!ir(t)(/-n)/|i,<M,e^^^(i-i/rf*ll/||„ 

for every / e LP(Tx M'', ^). Therefore, the spectrum of the part of Gp in {I-U){LP{Tx 
M.'^jH)) is contained in the halfplane Re A < ^2, if P > 2, and in the halfplane ReA < 
2^2(1 — l/p); if 1 < p < 2. For the other values of A, it is convenient to write the 
equation Xu — GpU — f as the system 

r XUu - GpUu = Uf, 

\ XiI-U)u-GpiI-U)u=iI~U)f, 

where the second equation is uniquely solvable. Setting Hu — f3, the first equation may 
be rewritten as 

f3^W'-P{T,^), Xm+P'{s)^mJ{s,-), seT, 

and it is uniquely solvable if and only if A 7^ 2Trik/T for every fc G Z. Since the 
eigenvalues 2iTik/T of the realization of the first order derivative in LP(T, ^) are simple, 
the eigenvalues 2'iTik/T of Gp are simple too. In particular, for A = the above equation 
is solvable if and only if jj" ms/(s, •)ds — 0, which means /jxR'' /^A* = 0, and in this 
case the solutions differ by constants. The statements follow. □ 



Corollary 3.8. Let Hupotheses \2. 1\ and \2.4\ hold. Assume that the diffusion coefficients 
are bounded and that £2 < 0. Then, for every p > 1 there exists Mp > such that 

\\P{t,s)^ - ms^WLPiw-i,^,) < Mpe''^'-''>ML,^^d^p^), t > s, e (R^ /i, ) , (3.18) 

if p > 2, and 

||P(t,s)^-TO,^||iP(R.^^^) < Mpe^-(*-^)||(^|liP(R.,^^), t>s, </7e Lf(M^/i,), (3.19) 
ifl<p<2, with 9p = 2^2(1 - 1/p). 

Proof. By estimate (|2.18l) . £2 £ Bp iov p > 2, and (|3.18p follows applying Theorem 
13.21 and Theorem 13.61 For 1 < p < 2, the estimate \\P{t,s)ip — ■ms(p\\LP(^d p^^i < 
Mpe^^^*^"'^~^/P-'^*~''-'||(y5||iP(R£i^^j follows interpolating between L"'^ andL^, since \\P{t, s)(p— 
"^s¥'||Ll(E<i^p^) < 2\\ip\\Li(jgd^p^) iort>s and ip E ^^(M'',^^). □ 



To get a better decay estimate in L^ spaces with p < 2 we need more refined argu- 
ments. An important tool is a logarithmic Sobolev estimate, that will be proved in the 
next subsection. 
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We end this subsection with a remark. Spectral gaps of elhptic differential operators 
with unbounded coefficients and asymptotic behavior of the associated semigroups are 
usually proved through Poincare inequalities. We may prove a Poincare type inequality 
in our nonautonomous setting, and precisely 



Proposition 3.9. Let Hvpotheses \2.1\ and \2.4\ hold. Assume that the diffusion coeffi- 
cients are bounded and that £2 < 0. Then 

[ 1/ - n/pd^ < A /■ iV./pd^, f eW^'\TxR^,fx), (3.20) 
where A is defined in (|3.16|) . 

Proof Let f e {I ~ U){D{G2)). By Corollary [Hi^c), inequality ((XT^ is in fact an 
equality. Letting t ^ 00 in (|3.12p and recalling that limt^oo^(i)/ = by Theorem 
13. 5[ we obtain 



II/II2 = 2 / (gv,T(s)/, v,r(s)/)d/ids 

Jo JlxR'' 

and therefore, using (|2.19p . 

\\f\\l<2A / |V.r(s)/|2dA*ds<2A / / e^'^'\V^f\^dfids 

Jo JlxR'' Jo JtxM'' 
l«2| JtxR'' 

so that ((3:20)) holds for every / e ^'(Ga). Since ^'(Ga) is dense in W°''^{T x M.'^,fi), 

(13:201) holds for every / e W^'^T x E'', /i). □ 

Once the Poincare inequality (|3.20p is established, arguing as in ^ Prop. 6.4] we 
obtain 

\\T{t){f - n/)|i2 < e""^^*/^!!/ - n/||2, t > o, 

so that UJ2 < '70^2 /A. Since rjQ < A, the estimate u!2 < ^2 obtained through Theorem 
13.61 is sharper. Such estimates coincide only if 770 = A, that is if the diffusion matrix Q 
is a scalar multiple of the identity. 

3.1. A log-Sobolev type inequality. Throughout the whole subsection we assume 
that Hypotheses 12.11 and 12.41 hold, that < 0, and that the diffusion coefficients are 
independent of x. We recall that rp — sup(j_2,-)gTxE<i ''(^i^;) where r is the function in 
Hypothesis I2.4f ii'). This is an important restriction, due to the fact that in the proof 
(which is an adaptation to the nonautonomous case of the method of [121 Thm. 6.2.42]) 
we use the estimate 

|V,r(t)/(s,x)| <e'-»(*-^)r(i)|V/|(a;), t > 0, (s, x) G Ri+^ (3.21) 

obtained from Theorem I2.6r iii) , which is not obvious (and, in general, not true) if 
the diffusion coefficients are not independent of x. We refer the reader to [53] for a 
discussion about the validity of an estimate similar to (j3.2ip in the autonomous case. 

Lemma 3.10. For any f G D{Goo) such that f > S for some S > 0, we have 
hm / T{t)f\og{T{t)f)d^,^^ Tufloginfjds. 
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Proof. By the definition of T{t) we liave 

n/iog(n/)ds 



1 '■^ 



f uf{■-t)logiuf{■~t))d^, 
r(t)n/iog(r(t)n/)d^. 



On tlie other hand, using Holder inequality and recalling that the function y i— > y\og{y) 
is Holder continuous on bounded sets, we can determine C > and a € (0, 1) such that 

{T{t)f\ogiT{t)f) - T{t)nf\og{Tmf)) 
<C [ \Tm - H/)rdM < C\\Tit){f - H/)||^, 



for any t > 0, and Theorem 13.51 yields the assertion. □ 

We recall that A is the supremum of the eigenvalues of the matrices Q{s). 

Theorem 3.11. For any p e [l,oo) and any f e D(Goo) with positive infimum we 
have 

j r iog(r \og{unds + r-^i v./i^d^. (3.22) 

JTxR'' ^ Jo 0| JtxR'' 

Proof. Let / e D{Goo) satisfy / > <5 for some 5 > 0. We first prove ([3?22l) with p = 1. 
By Proposition ElU T(t)f G D{G^) for any t > 0. Moreover, T{t)f > T{t)5 = 6 for 
any t > 0. 

Let us consider the function F : [0, cx)) ^ M defined by 

F{t) = / T{t)f\og{r{t)f)dix, t>0. 

JTxR<* 

By Lemma 13.101 we have 

i-T 



lim F{t)^^ f n/log(H/)ds. 



We want to show that F is differentiable, and to compute F'{t). First of all we remark 
that, since T{t)f e D{Goo) and T{t)f > (5, the function \og{T{t)f) is in D{Goo) for 
any t > 0. Indeed, it belongs to Gb{T x R'^) n W^''^{T x 5(0, i?)) for every q and i?, 
and 

c;(iog(r(t)/)) = -l^gT{t)f - -^^.^{Qv,T{t)f,v,nt)f) 

is continuous and bounded. Taking Proposition 12.141 into account, it follows that 
T{t)flog{T{t)f)eD{Goo) and 

g[T(t)/log(T(t)/)] =rft)/(^^gTft)/- ^^^l^j^^, {Q^.T{t)fy,T{t)f) 
+ {gT{t)f) \og{T{t)f) + 2 ^QV.T(t)/, ^1^) 

= er(t)/ + ^^.^(gv,r(t)/, v.r(i)/> + (5r(i)/) iog(T(t)/). 

(3.23) 
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A straightforward computation shows that 

I {T(t)f \og{T{t)f)) - gT{t)f \og{T{t)f) + gT{t)f, t > 0. 

Using ((3?23)) we get 

I {T{t)f\og{T{t)f)) = g[T{t)f\og{T{t)f)] -J--^{QW.,T{t)f,wa{t)f), 

which is continuous and bounded. Therefore, F is differentiable and, since the integral 
of g[T{t)f\og{T{t)f)] vanishes, we have 

F'(t) = - f -l-{QWa{t)f, W,,T{t)f)dfi, t > 0. 

Let us estimate F'{t). The pointwise estimate (I3.2ip imphes that 

|V,r(0/(s,a;)p <e2'-"*(r(^)|V,/|(s,a;))^ <> 0, {s,x) 
so that 

/ ;F7^(QV.r(t)/,V,T(t)/)d/i<e2'-"* / J^{T{t)\y,f\fdp^, t>0. 
Moreover, using the Holder inequality in the representation formula 

(see Theorem I2.2p . we get 



/ 



Therefore, for each t > we have 

|V./|2 



/ ;^(QV,T(i)/,V,r(i)/)d/i< Ae^-^"* / r{t) 



f 



that is 



F'{t) > -Ae^'-o* / ^-^4^dfi, t > 0. 

Integrating with respect to t in (0, oo) we get 

rT POO \ r 1X7 fi2 



^- f n/iog(n/)ds - ^^(0) = r F'{t)dt > f 

T Jo Jo 2|ro| 7t> 



— 7 — d^i, 



T 

that is formula (I3.22p with p = 1 . 
Let now fix p G (1, oo). We have 

GiF) - pF-'Gf + Pip - i)F-'{Q^.f, V,/), 

where > > 0, and then, again by Proposition 12. 141 fP E D{Goo)- The first part 
of the proof applied to the function P yields the conclusion. □ 
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Proposition 3.12. For every p S (1, oo) and for every u G D{Goo) we have 

I \u\nog[\und^l<l- r w\u\nog{n\u\p)ds + ^ I \ur^\vM^d^,. 

(3.24) 

In addition, if u ^ D{Goo) satisfies 

/ — j— i — dfi < oo, 

then p.24p holds also for p — 1. 

Proof. Fix u e 13 (Goo) and define the sequence 



n 



A straightforward computation shows that 

yun = — yu H — , 

Un n f^ 

so that Un e D{Goo) and, moreover, u„ > for any n G N. Therefore, by Theorem 
13.111 we have 

/ <fog«)d^< 1 rn<fog(nOds + |^ / <-2|v,u„|2d^, (3.25) 

for any p e [1, oo) and for any n € N. 

Since < < || (w^ + l)^/^||oo for any n £ N and the function x i-^ xlogx is continu- 
ous in [0, oo), the left-hand side of (|3.25p converges to Jjy.^d log(|M|P)d/x. Similarly, 
since IIu?^ < ||(u^ + l)^'/^||oo, by the dominated convergence theorem, njuj^ log(n|M|^) S 
Li((0,T),ds), and 

hm i rn<iog(n<)ds = l rn|ii|nog(n|Knds. 

Concerning the second integral in the right-hand side of (|3.25p . if p e [1, 2) we have 

< uP-^\V,Un\^ < |ur"'|V,upX{n#o}, a.e. in T x 

and the right-hand side is in ii(T X R'^,/Lt) by Proposition [imc) for p > 1 and by 
assumption for p — 1 ; if p > 2 we have 

which is bounded by Proposition l2.14l In any case, the dominated convergence theorem 
yields 

hm / <-2|V,?x„pdAi = / \u\P-^\V^u\^'d^^ 

and the statement follows. □ 

Proposition 13.121 with p = 2 would be enough to prove next compactness Theorem 
13.161 However, it is interesting to extend logarithmic Sobolev inequalities as far as 
possible. To extend estimate p.24p to all functions u G D{Gp) for p > 2, we use the 
following lemma. 
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Lemma 3.13. For p > 2 and u E D{Gp), \u\p E D{Gi), and the mapping u ^ 
\u\P is continuous from D{Gp) into D{Gi). Moreover, there exists Cp > such that 
II |w|P IId(Gi) < C'pI|w|Id(Gp)' f""^ ^'"^'^y " ^ D{Gp). 

Proof. In the proof of Proposition 12.151 we have shown that \u\'p E D{Goo) for any 
u E D{Goo) and 

Goo(|ur) = pu\u\P-^gu + p{p - l)\u\P-''{QV,.u, V^u). (3.26) 

RecalHng that D{Gp) is continuously embedded in W^'^iT x W^, fi) by Proposition l2.14i 
formula (j3.26p implies that the nonlinear operator u i~> 1^1^" is continuous from D{Goc) 
(endowed with the _D(G'p)-norm) to D{Gi). Estimate || |u|^||d(Gi) — ^pII'"IId(g ) 
lows using the Holder inequality in the right-hand side of (I3.26|) . Since D{Goa) is dense 
in D{Gp), the statement follows. □ 

Theorem 3.14. For every p> 2 and for every u E D{Gp), (|3.24p holds true. 

Proof. Fix p > 2 and u E D{Gp). Then, there exists a sequence (u„) C D{Goo) such 
that u„ — > w in the graph norm of Gp. Possibly replacing (m„) by a subsequence, we 
may assume that u pointwise a.e. By Proposition 13 . 1 2l for any n e N we have 

/ \u„\P\ogi\un\ndti<l; r Il\u„\P\og{Il\u„\P)ds + ^ [ \unr^\V.u„\^dfi. 

As a first step, we prove that 

lim / n|u„|piog(n|w„|p)ds ^ / n|u|piog(n|u|p)ds. (3.27) 



By Lemma 13.131 |it„|P \u\p in D{Gi), as n ^ oo. Therefore, lim„^oo n(|w„|P) = 
n(|u|P) in D(Gi). As we already mentioned at the beginning of the section, the 
part of Gi in n(L^(T x M'',/i)) is the time derivative —Dg with domain isomorphic 
to VKi'i(T, f ). It follows that lim„^oo n(|u„|P) = T\{\u\p) in M^i'i(T, f ) and, since 
W^^^^((0,T), ^) is continuously embedded in L°°(0,T), and the function y i— > ylogy is 
a- Holder-continuous for any a E (0, 1) on bounded sets of [0, +oo), we get 

i \U\Un\P\0g{n\Unn - Il\u\P\0g{U\un\ds < ^ iHl^^n^ " ^ulP^ds 

<G4n\u^\p-n\un\^ 

<G2||H|w„r-H|^.n|^,.,((o,T),da/T), 

for some positive constants Ci {i — 1,2). Then, (|3.27p follows. Since the function 
u F[{u) — /jxEd I'^l'' ■^l VxWpd/i is continuous in D{Gp) by the proof of Corollary 
I2.16r c). H{un) tends to H{u) as n — > -|-oo. Now, denote by \og_{y) and \og^{y) the 
negative and the positive parts of log(y), i.e., 

log-(y) max{0, -log(y)}, log+(y) max{0, log(y)}, y > 0. 

Taking into account that the function y i-^ yP\og_{yP) is Lipschitz continuous, we get 

\\u\P\og_{\u\P)-\Ur^P\0g_{\Un\P)\dlJi<G^ [ \\u\P - \Ur.\P\ dfi, 

for some constant C3 > 0, and the right-hand side tends to as n 00. 
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By the Fatou Lemma we have 
/ \u\P\og+{\undfi<\imM [ \un\Plog+{\ur,\ndfi 

< lim ( / |u„|nog_(|u„|P)dM+;^ r U\un\P\og{U\u^\P)ds 

+ / \Unr'\V.Un\'dfl) 

= f \u\p\og_{\und^l + ^ f n\u\piogiii\unds + ^ f \ur'\v,M'd^^, 

which impHes (|3.24|) and concludes the proof. □ 

3.2. Compactness in spaces. If the domain D{Gpg) is compactly embedded in 
LP°{T X R'', /i) for some po, a lot of nice consequences follow. 

Theorem 3.15. Under Hypothesis \2.1\ assume that the domain of Gpg is compactly 
embedded in LP° (T x R'', ^) for somepo e [l,oo]. Then, for every p € (l,oo) the domain 
of Gp is compactly embedded in LP{T x R**, /i), and 

(i) the spectrum of Gp consists of isolated eigenvalues independent of p, for p £ 
(l,oo). The associated spectral projections are independent of p, too; 

(ii) the growth bounds ujp defined in (|3.15p are independent of p e (l,oo). Denoting 
by ijjQ their common value, for every p e (1, oo) we have 

ujQ = sup {Re A : A e cr(G'p) \ 

// in addition Hypothesis \2.4\ too is satisfied, then 

(iii) statement (a) of Corollary \3. 7\ holds; 

(iv) ujQ < 0. Moreover, for every lo > loq, p € (1, oo) there exists M > such that 

\\P{t,s)^~mM\LHR^.t.,) < Afe"(*-^)||(^||ip(R.,^^), t>s, e (R^ /is ) • 

(3.28) 

Proof. Suppose that D{Gpg) is compactly embedded in LP"{T x R'',/!). Then, for any 
A > the resolvent operator u i-^ e''-^*'T{t)udt is compact in L^^iT x R'^,//), and 
since it is bounded in all spaces L^iT x R'^j/j,), 1 < p < oo, it is compact in all spaces 
LP{T X 1 < p < oo, by interpolation. See e.g., [H (proof of) Thm. 1.6.1], for 

Po < oo, and [23l Prop. 4.6] for po = oo. Since the domain of Gp coincides with the 
range of R{X,Gp), it is compactly embedded in L^iT x M/^,^). 
Let us now prove statements (i) to (iv). 

(i) . By the general spectral theory, the spectrum of Gp consists of isolated eigenval- 
ues. Applying [11] Cor. 1.6.2] to the resolvent R{X,Gp) for a fixed A > 0, it follows 
that the spectrum of -R(A, Gp) is independent of p and, hence, the spectrum of Gp is 
independent of p. It also follows that the spectral projections are independent of p. 

(ii) . Fix any p G (l,oo) and denote by Gu, Tu{t), respectively, the parts of Gp, 
T{t) in n(iP(T X R'', /i)), and by G/_n, 7/-n(i), respectively, the parts of Gp, T{t) in 
{I -IV){LP{T X 

Since II commutes with T{t), then criGp) — a{Gn) U a{Gi-i{)- The spectrum of 
Gn is the set {2kTri/T : k e Z}, since U{LP{T x R'*,/^)) is isometric to LP{T, ^) and 
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Gn = -Ds on D{Gu) = n[D{Gp)). Therefore, 

sup{ReA : A G a{Gp), ReA < 0} = sup{ReA : A e cr(G/_n)}- 

Let us prove that such suprema coincide with ujp. This will imply that Up is independent 
of because the left-hand supremum is independent of p. 

To this aim, we remark that, although the operators T{t) are not compact, <T{T{t))\ 
{0} consists of eigenvalues. Indeed, by the Spectral Mapping Theorem 12 .171 a{T{t)) \ 
{0} = e,*'^(Gp)^ g^^^ ^Yie general theory of semigroups (e.g., [13l Thm. IV. 3. 7]) 
Pa{T{t)) \ {0} = e*^°'^'^P'', where Per denotes the point spectrum. Since (T{Gp) = 
PaiGp), then a{T{t)) \ {0} = Pa(T{t)) \ {0}. As a consequence, also a{Ti_n{t)) \ {0} 
consists of eigenvalues, because the elements of a{Tj-n{t)), which are not eigenvalues, 
are contained in a{T{t)) \ Pa{T(t)), which do not contain nonzero elements. Again 
by the spectral mapping theorem for the point spectrum, CT(Tf_n(i)) \ {0} — e*'^^'^^-") 
i.e., the semigroup 7/_n(^) satisfies the spectral mapping theorem. This implies that 
LOp — supjReA : A S (T(G/_n)}, because cOp coincides with the logarithm of the spectral 
radius of r7_n(l) (e.g., 113, Prop. IV.2.2]). 

(iii) . Since Tf_n is strongly stable by Theorem 13. 5[ G/_n cannot have eigenvalues 
on the imaginary axis. Therefore, iM is contained the resolvent set of G/_n. The 
arguments used in the proof of the statement (a) of CoroUarv 13.71 vield the statement. 

(iv) . We already remarked that a{Gi-u) DiM. — 0. Consequently, the spectrum of 
'7/_n(l) does not intersect the unit circle. It follows that 

sup{|C| : C e a(T,_n(l))} < 1. (3.29) 

Indeed, if there were a sequence of eigenvalues (Cn) of 7/_n(l) such that lim„^oo ICnl = 
1, a subsequence would converge to an element C with modulus 1, and since the spectrum 
is closed, C G a-(Tf_n(l))- But this is impossible. Hence, p.29p holds. 
It follows that there exists a < 1 such that 

ll'^-n(n)|l£(LP(TxR'',^)) = ll(Tf-n(l))"'||£(LP(TxR'',A')) - 

for n large, and since 

\\'^i-'a{t)\\c{Lp{ixM^,fi)) = W^i-uit - n)Ti^u{n)\\c{Lp{ixM^,n)) 

< ll'?/-n("-)||£(LP(TxR<i,^t))' 

for n < t < n + 1, \\Ti ^Yi{t)\\ c(lp {TxR'^ ,fi)) decays exponentially as t — > oo, i.e., ujp < 0. 
Estimate (|3?28| follows from Theorem [321 □ 

As in the autonomous case, log-Sobolev inequalities imply that D{Gp) is compactly 
embedded in L^iT x R*^, /i), for every p G (1, oo). 

Theorem 3.16. Let Hvvotheses [2A\ and \K4\ hold. Assume that p.24p holds for p = 2 
and for every f £ D{G2)- Then, for any p G (l,oo), D{Gp) is compactly embedded in 
LP{T X R'^,n). 

Proof. By Theorem 13.151 it is enough to prove that D{G2) is compactly embedded in 
L2(T X W^^n). 

We shall show that, for every e > 0, the unit ball B oi D{G2) may be covered by a 
finite number of balls of L^(T x M'^, /x) with radius not greater than e. 
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Fix u e B, k > I and set E := {\u\ < k}. For every i? > we have, by (I3.24p . 

u^dfi< [ [ tEk^dn+- — ^/ / lE'=u^\og{u^)dn 
Jb{o,r)'= Jo J b[o,ry iog(A: J Jq Jb{o,r)'= 

P f'^ f 
<— I ds dfis 

J BiOM.)" 
T 



T 



for some positive constant Ci, independent of m and k. 

Fix £ > 0. By Lemma [333 e ^'(Gi), and \\u^\\d{g,) < C'2||u|11)(g^) < C2, 
with C2 independent of u. Therefore, IIu'^ belongs to the domain of the part of Gi in 
n{L^{T X ]R'*,/i)), which is isomorphic to ^^^'^(T, ^). By the Sobolev embedding for 
the Lebesgue measure, ||nM^||^oo(o_T) is bounded by a constant independent of u, so 
that /J" IIu^ log(nu^)(is is bounded by a constant independent of u. Also the integral 
Jjji+d \^xu\'^dfj, is bounded by a constant independent of u, by Proposition 12.141 So, 
there exists M > such that ^ IIu^ log(nu^)ds + Ci /jxr^ iV^jUpd^ < Af, for every 
u ^ B. Taking k large enough, we get 

By Theorem I2.2f v) the measures are tight, so that there exists R > such that 
Y- Jo ds /b(o j^)c dfXs < e/2. Summing up, 

u^d/i < e. 

(0,T)xB(0,i?)'^ 

By Corollarv l2.131 D{G2) is contained in W2^\q(,(T x M'', ds x da;) and the restriction 
operator?^ : D{G2) — > Wl'^{TxB{{),R),dsxdx),'R.u = U|txb(o./?)j is continuous. Since 
the embedding of W^^'^iT x B{0,R),ds x da;) in iy^(T x B{0,R),ds x da;) is compact, 
there exist fi, ■ ■ ■ , fk G L'^{T x 5(0, i?), ds x da;) such that the balls B{fi, e) cover the 
restrictions of the functions of i? to T x _B(0, i?). Let fi denote the null extension of /,; 
to T X M"*. Then B C ULi B{f,,2e), and the statement follows. □ 

Remark 3.17. Under Hvpotheses 12.11 and 12.41 if the diffusion coefficients are indepen- 
dent of X and tq < 0, then the assumptions of Theorem 13.161 are satisfied, hence all the 
statements of Theorem 13.151 hold, as well as the statements of Corollaries 13.71 and 13.81 
Since — £2 = ^Oi statement (ii) of Theorem 13.151 is sharper than the statements of 
Corollaries 13.71 and 13.81 for 1 < p < 2, while estimate p.lSp is sharper than statement 
(iv) of Theorem EH] for p>2. 

4. Examples 

4.1. Time dependent Ornstein-Uhlenbeck operators. Let us consider the oper- 
ators 

{A{t)ip){x) = ^Tt {B{t)B*it)Dlip{x)) + {A{t)x + f{t),Vip{x)), a; e 

with continuous and T-periodic data A,B -.R^ C(R'^) and / : M ^ M''. The elhpticity 
condition (|1.2p is satisfied provided deti?(<) 7^ for every i e M. 
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In [18j asymptotic behavior results for the backward evolution operator P{s, t), s < t, 
associated to the family {^(i)} in spaces have been proved, as well as spectral 
properties of the parabolic operator u t—f A{s)u + DgU. Here, we consider forward 
evolution operators P{t,s), t > s, and the parabolic operator u i— > A{s)u — DgU. 
Reverting time, there is no difhculty to pass from backward to forward. 

Let U{t,s) be the evolution operator in solution of ■^U{t,s) = A{t)U{t, s), 
U{s, s) = I. A (unique) T-periodic evolution system of measures {fj,s ■ s G M} exists 
provided the growth bound luo(U) of U(t,s) is negative; in this case the measures /it 
are explicit Gaussian measures. 

The results of this paper allow to extend most of the asymptotic behavior results 
of [18] to the LP setting, with p E {1,00). In fact, the log-Sobolev inequality (I3.24p 
holds for p = 2, for every u E D{G2)- It was proved in [71 for every u G 
which is dense in D{G2), and the procedure of Theorem 13. 141 allows to extend it to all 
the functions u e D{G2)- Moreover, Proposition 2.4 of [18] shows that Ld2 = loq{U). 
Therefore, all the statements of Theorem 13. 151 hold, with = ^o{U)- 

Note that our assumption of Holder regularity of the coefficients is not needed here, 
because the proof of Theorem 13. 141 is independent of time regularity of the coefficients. 

4.2. Diffusion coefficients independent of x. Let now consider the operators A{t) 
defined in ([TT]) with T -periodic diffusion coefficients depending only on time, under the 
regularity and ellipticity assumptions of Hypothesis |2Tji)-(ii). For every n G N the 
function V {x) := 1 + \x\^^ satisfies Hypothesis 12.1 T iii) provided that there exists i? > 
such that 



In this case the statements of Theorem 12.21 and of Proposition 12.101 hold. So, there 
exists a Markov evolution operator P{t, s) with a unique T— periodic evolution system 
of measures {/is : s G M}. The measures /is have uniformly bounded moments of every 
order, i.e.. 



If moreover the derivatives Dihj belong to C^J^ '"(T x K'^) and there exists ro G M 
such that 



then Hvpothesis 12.41 holds too. 

Applying Theorem 13.51 statements (ii) to (iv) of Theorem 13.11 hold. 

In the case that tq < 0, we have I2 — tq < 0, and the log-Sobolev inequalities of 
Subsection 3.1 hold. By Theorem 13.161 the domain D(Gp) is compactly embedded in 
L^iT X R'^,//) for p e (1,cxd) and all the statements of Theorem 13.151 hold. Moreover 
the statements of Corollaries 13.71 and 13.81 hold. See Remark 13.171 

4.3. General diffusion coefficients. In the general case, setting again V{x) := 1 + 
|a;p", we have 



sup 

sSR, |a:|>-R. 




< 0. 




A{s)V{x) = 2n|x|2" (2n-2) 



{Q{s,x)x,x) Tr Q{s,x) {b{s,x),x) 
\x\^ |x|2 ^ |a;|2 



ASYMPTOTIC BEHAVIOR IN TIME PERIODIC PARABOLIC PROBLEMS 



37 



for any (s, x) £ ]R^+'', so that Hypothesis 12 . 1 r iii) is satisfied by V provided there exists 
R > such that 

,^ „ ,sMs,x) (b{s,x),x) ^ , 
sup (2n-2 + d)^^+ ^ \' ' <0, (4.f) 

where A(s, x) is the greatest eigenvalue of Q{s, x). If also the regularity and ellipticity 
assumptions of Hypothesis [2TlJi)"(ii) are satisfied, by Theoreni l2.2l and Proposition l2.10l 
there exists a Markov evolution operator P{t, s) with a unique T— periodic evolution 
system of measures {fXs : s e M}; the measures fig satisfy 

sup / Ixl"^"" fig (dx) < oo. 

If, in addition, Hvpothesis 12.41 is satisfied and there exists C > such that 

< C(i + \x\f^+\ ,s e M, x e 

then the assumptions of Proposition [3^ hold. Indeed, since A(s,x) > 0, (|4.ip implies 
that {b{s,x),x) < for \x\ > R and s g R, so that the second condition of p.20p is 
satisfied. Then, Theorem 13.51 vields that statements (ii) to (iv) of Theorem 13. II hold. 

If in addition the diffusion coefficients are bounded and the number ^2 in (|2.8p is 
negative, all the assumptions of Corollaries 13.71 and 13.81 are satisfied, we have the expo- 
nential decay rates given by Corollary 13.81 and the spectral properties of the operators 
Gp given by CoroUarv 13.71 
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